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Abstrat
We study Ruan's ohomologial repant resolution onjeture [41℄ for orbifolds with transversal ADE
singularities. In the An-ase we ompute both the Chen-Ruan ohomology ring H
∗
CR([Y ]) and
the quantum orreted ohomology ring H∗(Z)(q1, ..., qn). The former is ahieved in general, the
later up to some additional, tehnial assumptions. We onstrut an expliit isomorphism between
H∗CR([Y ]) and H
∗(Z)(−1) in the A1-ase, verifying Ruan's onjeture. In the An-ase, the family
H∗(Z)(q1, ..., qn) is not dened for q1 = ... = qn = −1. This implies that the onjeture should be
slightly modied. We propose a new onjeture in the An-ase (Conj. 1.9). Finally, we prove Conj.
1.9 in the A2-ase by onstruting an expliit isomorphism.
Mathematis Subjet Classiation 2000: Primary 14E15; Seondary 14N35; 14F45
0 Introdution
The Chen-Ruan ohomology was dened by Chen and Ruan [11℄ for almost omplex orbifolds. This
was extended to a non-ommutative ring by Fantehi and Göttshe [18℄ in the ase where the orbifold
is a global quotient. Abramovih, Graber and Vistoli dened the Chen-Ruan ohomology in the
algebrai ase [1℄.
Let [Y ] be a omplex Gorenstein orbifold suh that the oarse moduli spae Y admits a repant
resolution ρ : Z → Y . Then, under some tehnial assumptions on Z, Ruan's ohomologial repant
resolution onjeture [41℄ predits the existene of an isomorphism between the Chen-Ruan oho-
mology ring H∗CR([Y ],C) and the so alled quantum orreted ohomology ring of Z. The later
is a deformation of the ring H∗(Z,C) obtained using ertain Gromov-Witten invariants of rational
urves in Z whih are ontrated under the resolution map ρ. Notie that if Z arries an holomorphi
sympleti struture, then this onjeture also predits the existene of an isomorphism between the
Chen-Ruan ohomology ring of [Y ] and the ohomology ring of Z.
An interesting testing ase for the onjeture is the one of the Hilbert sheme HilbrM of r points
on a projetive surfae M . It is a repant resolution of the symmetri produt SymrM via the Chow
morphism. In this ase the onjeture was proved by W.-P. Li and Z. Qin for r = 2 [28℄, for r general
and M with numerially trivial anonial lass by Fantehi and Göttshe [18℄ (using the expliit
omputation of the ring H∗(HilbrM) given by Lehn and Sorger [26℄), and independently by Uribe
[46℄. A dierent and self-ontained proof of this result was given by Z. Qin and W. Wang [37℄. In
the same situation but with M quasi-projetive with a holomorphi sympleti form, the onjeture
was proved by W.-P. Li, Z. Qin and W. Wang [29℄. In partiular this result generalizes the ase
of the ane plane obtained by Lehn and Sorger [27℄ and Vasserot [47℄ independently. The general
ase where Y = V/G with V omplex sympleti vetor spae and G ⊂ Sp(V ) nite subgroup was
proved by Ginzburg and Kaledin [21℄. Let us point out that in the previous ases (exept [28℄) the
resolution Z arries a holomorphi sympleti struture, hene the quantum orreted ohomology
ring oinides with the ohomology ring H∗(Z,C). D. Edidin, W.-P. Li and Z. Qin partially veried
Ruan's onjeture in the ase where M = P2 and r = 3, there quantum orretions appeared [17℄.
The aim of this paper is to study Ruan's onjeture for orbifolds with transversal ADE singular-
ities (see Def. 2.10). An orbifold [Y ] has transversal ADE singularities if, étale loally, the oarse
moduli spae Y is isomorphi to a produt R×Ck, where R is a germ of an ADE singularity. Notie
that for any Gorenstein orbifold [Y ], there exists a losed subset W ⊂ Y of odimension ≥ 3 suh
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that Y \W has transversal ADE singularities. Thus the ase we study is the general one if we ignore
phenomena that our in odimension ≥ 3.
We desribe the twisted setors of orbifolds with ADE singularities. After that, we onentrate
on the transversal An-ase and we address Ruan's onjeture by omputing expliitly both the Chen-
Ruan ohomology (Th. 3.12) and the quantum orretions (Prop. 5.4). The former is ahieved in
general, regarding the later we propose a onjeture on the value of some Gromov-Witten invariants
(Conj. 5.1) whih is proved fully in the A1-ase, and in the An-ase (n ≥ 2) under additional tehnial
assumptions. In a work in progress with B. Fantehi we give a proof of Conj. 5.1 and ompute the
quantum orretions in the transversal D and E ases.
We onstrut an expliit isomorphism between the Chen-Ruan ohomology ring H∗CR([Y ]) and
the quantum orreted ohomology ring H∗(Z)(−1) in the transversal A1-ase, verifying Ruan's
onjeture (Se. 6.1). In the An-ase, the quantum orreted 3-point funtion an not be evaluated
in q1 = ... = qn = −1. This implies that Ruan's onjeture has to be slightly modied. We propose
a modiation in the An-ase (Conj. 1.9) that we prove in the A2-ase, by onstruting an expliit
isomorphism (see Prop. 6.2).
The struture of the paper is the following. In Setion 1 we review the statement of the oho-
mologial repant resolution onjeture. Orbifolds with transversal ADE singularities are dened
in Setion 2. Then in Setion 3, we ompute expliitly the Chen-Ruan ohomology ring of suh
orbifolds. In Setion 4 we prove that up to isomorphism the oarse moduli spae of an orbifold with
transversal ADE singularities has a unique repant resolution Z and we desribe the ohomology
ring of Z. In Setion 5, we state our onjeture about the Gromov-Witten invariants of Z (whose
proof in some partiular ases is postponed to Setion 7). Using this, we ompute the quantum
orreted ohomology ring. Afterwards we put together these results to verify our modiation of
Ruan's onjeture.
Notation
We will work over the eld of omplex numbers C. Through out this paper, Y and Z will denote
projetive algebrai varieties of dimension d over C. The singular lous of Y is denoted by S and the
inlusion by i : S → Y .
A omplex orbifold [Y ] means a omplex orbifold struture over the topologial spae Y . In this
ontext, Y has the omplex topology. Our referenes for orbifolds are [10℄, [11℄, [33℄ and [36℄. In
partiular notations are taken from [10℄ and [36℄.
We will work with ohomology groups with omplex oeients, although many results are valid
for rational oeients.
1 The ohomologial repant resolution onjeture
In this setion we reall the statement of the ohomologial repant resolution onjeture as given
by Y. Ruan in [41℄. The onjeture laims a preise relation between the Chen-Ruan ohomology
ring of a omplex orbifold [Y ] and the ohomology ring of a repant resolution of Y , when suh a
resolution exists.
Denition 1.1. A omplex orbifold [Y ] is Gorenstein if the degree shifting numbers ι(g) are integers,
for all (g) ∈ T .
Notie that, if [Y ] is Gorenstein, then the algebrai variety Y is also Gorenstein and in partiular
the anonial sheaf KY is loally free (see e.g. [38℄ and [39℄ for more details).
Denition 1.2 ([39℄). Let Y be a Gorenstein variety. A resolution of singularities ρ : Z → Y is
repant if ρ∗(KY ) ∼= KZ .
Crepant resolutions of Gorenstein varieties with quotient singularities are known to exist in di-
mensions 2 and 3. In partiular, for d = 2 a stronger result holds: every normal surfae Y admits
a unique repant resolution [2℄. In dimension d = 3 the existene of a repant resolution is proven
e.g. in [40℄ and in [9℄, however the uniqueness result does not hold. In dimension d ≥ 4 repant
resolutions not always exist.
We will work under the following
Assumption 1.3. Let [Y ] be a Gorenstein orbifold and ρ : Z → Y a xed repant resolution. Then
onsider the indued group homomorphism
ρ∗ : H2(Z,Q)→ H2(Y,Q). (1)
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We assume that the extremal rays ontrated by ρ are generated by n rational urves whose homology
lasses β1, ..., βn are linearly independent over Q. Then β1, ..., βn determine a basis of Ker ρ∗ alled
integral basis [41℄.
The homology lass of any eetive urve that is ontrated by ρ an be written in a unique way
as Γ =
Pn
l=1 alβl, with the al's positive integers. For eah βl we assign a formal variable ql, so Γ
orresponds to qa11 · · · qann . The quantum orreted 3-point funtion is
〈γ1, γ2, γ3〉qc(q1, ..., qn) :=
X
a1,...,an>0
ΨZΓ (γ1, γ2, γ3)q
a1
1 · · · qann , (2)
where γ1, γ2, γ3 ∈ H∗(Z) are ohomology lasses, Γ =Pnl=1 alβl, and ΨZΓ (γ1, γ2, γ3) is the genus zero
Gromov-Witten invariant of Z [41℄.
Assumption 1.4. We assume that (2) denes an analyti funtion of the variables q1, ..., qn on
some region of the omplex spae Cn. It will be denoted by 〈γ1, γ2, γ3〉qc. In the following, when
we evaluate 〈γ1, γ2, γ3〉qc on a point (q1, ..., qn), we will impliitly assume that it is dened on suh
a point.
We now dene a family of rings depending on the parameters q1, ..., qn.
Denition 1.5. The quantum orreted triple intersetion 〈γ1, γ2, γ3〉qc(q1, ..., qn) is dened by
〈γ1, γ2, γ3〉ρ(q1, ..., qn) := 〈γ1, γ2, γ3〉+ 〈γ1, γ2, γ3〉qc(q1, ..., qn),
where 〈γ1, γ2, γ3〉 :=
R
Z
γ1∪γ2∪γ3. The quantum orreted up produt γ1∗ργ2 is dened by requiring
that
〈γ1 ∗ρ γ2, γ〉 = 〈γ1, γ2, γ〉ρ(q1, ..., qn) for all γ ∈ H∗(Z),
where 〈γ1, γ2〉 :=
R
Z
γ1 ∪ γ2.
Remark 1.6. Our denition of quantum orreted triple intersetion and of quantum orreted
up produt is slightly dierent from the one given in [41℄. One an reover the original denition
by giving to the parameters the value q1 = ... = qn = −1, provided that this point belongs to the
domain of the quantum orreted 3-point funtion.
Proposition 1.7 ([13℄). For any (q1, ..., qn) belonging to the domain of the quantum orreted 3-point
funtion, the quantum orreted up produt ∗ρ satises the following properties.
Assoiativity: it is assoiative on H∗(Z), moreover it has a unit whih oinides with the unit of the
usual up produt of Z.
Skewsymmetry: γ1 ∗ρ γ2 = (−1)deg γ1·deg γ2γ2 ∗ρ γ1, for any γ1, γ2 ∈ H∗(Z).
Homogeneity: for any γ1, γ2 ∈ H∗(Z), deg (γ1 ∗ρ γ2) = deg γ1 + deg γ2.
Denition 1.8. The quantum orreted ohomology ring of Z is the family of ring strutures on
the vetor spae H∗(Z) given by ∗ρ. It will be denoted by H∗ρ (Z)(q1, ..., qn).
We nally ome to Ruan's onjeture, whose study is the reason of this paper.
Cohomologial repant resolution onjeture (Y. Ruan, [41℄)
Under the above hypothesis, there exists a ring isomorphism
H∗ρ (Z)(−1, ...,−1) ∼= H∗CR([Y ]).
As said, this onjeture needs to be slightly modied. In the An-ase we propose the following
Conjeture 1.9. Let [Y ] be an orbifold with transversal An-singularities and trivial monodromy
(Def. 3.4), ρ : Z → Y be the repant resolution (Prop. 4.2). Then the following map
H∗ρ (Z)(q1, ..., qn) ∼= H∗CR([Y ]) (3)
El 7→
nX
k=1
ζlk(ζk + ζ−k − 2)1/2ek
is a ring isomorphism for q1 = ... = qn = ζ be a primitive (n+1)-th root of 1. Here E1, ..., En are the
irreduible omponents of the exeptional divisor (see Notation 4.5) and e1, ..., en are the generators
of the Chen-Ruan ohomology (see Thm. 3.12). The square root in (3) means, for ζ = exp
“
2πim
n+1
”
,
(ζk + ζ−k − 2)1/2 =
(
i|(2− ζk − ζ−k)1/2| if 0 < m < n+1
2
;
−i|(2− ζk − ζ−k)1/2| otherwise.
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Remark 1.10. The isomorphism in the previous onjeture is the one onjetured by J. Bryan, T.
Graber and R. Pandharipande [7℄ for the An-ase. It oinides with the map found by W. Nahm
and K. Wendland [34℄. In a reent work, joint with S. Boissière and E. Mann [5℄, we prove that
(3) gives an isomorphism between the Chen-Ruan ohomology ring of the weighted projetive spae
[P(1, 3, 4, 4)] and the quantum orreted ohomology ring of its repant resolution. We expet to
report on the veriation of Conj. 1.9 soon.
In Chapter 2.2 we will see how to get (3) from the lassial MKay orrespondene.
2 Orbifolds with ADE singularities
In this Setion we dene orbifolds with transversal ADE singularities. They are generalizations of
Gorenstein orbifolds assoiated to quotient surfae singularities, also alled rational double points.
Therefore we rst reall the denition of suh surfae singularities and ollet some properties. We
will follow [2℄, [15℄, [16℄.
2.1 Rational double points
Denition 2.1. A rational double point (in short RDP) is the germ of a surfae singularity
R ⊂ C3 whih is isomorphi to a quotient C2/G with G a nite subgroup of SL(2,C).
Rational double points are Gorenstein. Indeed every variety with sympleti singularities is
Gorenstein [3℄.
Finite subgroups of SL(2,C) are lassied, up to onjugation, and the result of this lassiation
is given in the following Theorem.
Theorem 2.2 ([16℄). Any nite subgroup of SL(2,C) is onjugate to one of the following subgroups:
the binary tetrahedral group E6 of order 24; the binary otahedral group E7 of order 48; the binary
iosahedral group E8 of order 120; the binary dihedral group Dn of order 4(n − 2) for n ≥ 4; the
yli group An of order n+ 1.
It turns out that onjugate subgroups give isomorphi surfae singularities. Hene the above
lassiation indues a lassiation of RDP's [16℄:
An : xy − zn+1 = 0 for n ≥ 1
Dn : x
2 + y2z + zn−1 = 0 for n ≥ 4
E6 : x
2 + y3 + z4 = 0
E7 : x
2 + y3 + yz3 = 0
E8 : x
2 + y3 + z5 = 0.
(4)
Resolution graph
Any rational double point R has a unique repant resolution ρ : R˜→ R [2℄. The exeptional lous of
ρ is the union of rational urves E1, ..., En with self-intersetion numbers −2. Moreover, it is possible
to assoiate a graph to the olletion of these urves in the following way: there is a vertex for any
irreduible omponent of the exeptional lous; two verties are joined by an edge if and only if the
orresponding omponents have non zero intersetion. The list of the graphs obtained by resolving
rational double points is given in [15℄ and in [2℄. Eah of this graph is alled resolution graph of the
orresponding singularity.
Notation 2.3. From now on, R will denote a surfae in C3 dened by one of the equations (4),
i.e. a surfae with a rational double point at the origin 0 ∈ C3. The repant resolution of R will be
denoted by ρ : R˜→ R.
2.2 MKay orrespondene
Let R be a RDP and G ⊂ SL(2,C) be a nite subgroup orresponding to R. We denote by Q = C2
the representation indued by the inlusion G ⊂ SL(2,C). Let λ0, ..., λm be the (isomorphism lasses
of) irreduible representations of G, with λ0 being the trivial one. Then, for any j = 1, ..., m we an
deompose Q⊗ λj as follows
Q⊗ λj = ⊕mi=0aijλi, aij = dimCHomG(λi,Q⊗ λj). (5)
Denition 2.4. The MKay graph of G ⊂ SL(2,C) is the graph with one vertex for any irreduible
representation, two verties are joined by aij arrows. It will be denoted by Γ˜G. If we onsider only
nontrivial representations, then we obtain the graph ΓG, whih will be alled also MKay graph.
4
Remark 2.5. In [32℄ the representation graph of G (i.e. what we all the MKay graph) was dened
in a slightly dierent way. However it an be shown that, for nite subgroups of SL(2,C), the two
denitions oinide.
The MKay orrespondene, in his original form, states that the graph ΓG oinides with the
resolution graph of R. The orrespondene an be obtained geometrially by means of a map that
identies the K-theory of the orbifold [R] with that of R˜, this is done in [22℄. We reall briey this
onstrution.
A G-equivariant oherent sheaf on C2 is a oherent sheaf F on C2 together with isomorphisms
αg : g
∗F → F, g ∈ G
whih satisfy the obvious oyle ondition. Let K([R]) the Grothendiek ring of isomorphism lasses
of G-equivariant oherent sheaves on C2. As usual, K(R˜) denotes the Grothendiek ring of isomor-
phism lasses of oherent sheaves on R˜. Finally, set R(G) be the ring of isomorphism lasses of
representations of G. For any λ ∈ R(G), λ∨ denotes the dual lass.
We have the following
Proposition 2.6 ([22℄). The map that assoiates, to any representation λ of G on the vetor spae
Vλ, the G-equivariant oherent sheaf OC2 ⊗C Vλ∨ indues a ring isomorphism
R(G)
∼=−→ K([R]).
We identify the two rings by means of this map.
Consider now the Cartesian diagram
C˜2
pr2−−−−−→ R˜
pr1
??y ??yρ
C2
χ−−−−−→ R
where χ is the quotient map. The following result holds.
Theorem 2.7 ([22℄). Let
π : R(G) = K([R])→ K(R˜)
dened by
π := Inv ◦ pr2∗ ◦ pr1∗,
where pr2∗ and pr1
∗
are the anonial morphisms and Inv is the appliation that assoiates to any
G-equivariant oherent sheaf M on R˜ the subsheaf MG of the invariants. Then
(i) for any irreduible representation λ of G, there is a unique omponent Eλ of the exeptional
divisor E suh that
rk(π(λ)) = degλ and c1(π(λ)) = c1(OR˜(Eλ)).
The map λ 7→ Eλ is a bijetion from the set of irreduible representations of G to the set of
omponents of E. For any λ 6= µ, (Eλ · Eµ) = aλµ, where the aλµ's are dened in (5) and
(_ ·_) is the Poinaré pairing.
(ii) π is an isomorphism of Z-modules.
This Thm. an be used to get a orrespondene between the Chen-Ruan ohomology of [R]
and the ohomology of R˜ as follows (we refer to the next Chapter for the denition of Chen-Ruan
ohomology). We have maps
Ch(_) · Td(R˜) : K(R˜) → H∗(R˜) (6)
Ch(_) · T d([R]) : K([R]) → H∗CR([R]) (7)
where Ch and Td are the usual Chen harater and Todd lass respetively, Ch and T d are the Chern
harater and Todd lass for orbifolds as dened by Toen [44℄, and the multipliations are the usual
up produts (not the Chen-Ruan one in the seond ase). Then the map π of Thm.2.7, (6) and (7)
give a map between ohomology groups. We work out the details of this omputation in the An-ase.
Identify the group G with Zn+1 and set ζ = exp(
2πi
n+1
) ∈ C∗. Let λm be the irreduible represen-
tation of Zn+1 on Vλm whose harater is
l 7→ ζml.
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From Thm. 2.7 we have that
Ch(π(λm)) · Td(R˜) = 1 + c1(OR˜(Eλm)) ∈ H∗(R˜). (8)
We ompute now
Ch `OC2 ⊗C Vλ∨m´ · T d([R]) ∈ H∗CR([R]). (9)
For any l ∈ Zn+1, onsider the restrition
`OC2 ⊗C Vλ∨m´|(C2)l of OC2 ⊗C Vλ∨m to the xed point lous
(C2)l of l. The ation of l on
`OC2 ⊗C Vλ∨m´|(C2)l is given by the multipliation by ζ−lm. Hene
Ch(OC2 ⊗C Vλ∨m) =
X
l∈Zn+1
ζ−lm · 1H∗(R(l)),
where 1H∗(R(l)) is the neutral element of the ohomology ring of the twisted setor R(l), for any
l ∈ Zn+1. Next we ompute the lass α[R] ∈ K([R1]) dened in [44℄, where [R1] is the inertia
orbifold. We denote by C the onormal sheaf of [R1] with respet to [R], i.e. the sheaf on [R1] whose
restrition to eah twisted setor is the onormal sheaf of the twisted setor in [R]. For any l ∈ Zn+1,
set Cl the restrition of C to [R(l)]. Then, if l = 0, Cl has rank 0. Otherwise it is given by the
representation λ1 ⊕ λn of Zn+1.
λ−1(C) = 1− C + ∧2C,
hene
(α[R])|(C2)l =
(
1 if l = 0;
2− ζl − ζ−l otherwise.
Therefore
T d([R]) = 1H∗(R(0)) +
nX
l=1
1
2− ζl − ζ−l · 1H∗(R(l)).
Finally, we get
Ch(OC2 ⊗C Vλm) · T d([R]) = 1H∗(R(0)) +
nX
l=1
ζ−lm
2− ζl − ζ−l · 1H∗(R(l)).
Remark 2.8. The previous proedure gives the following map
H2(R˜) → H2CR([R])
Em 7→
nX
l=1
ζ−lm
2− ζl − ζ−l el,
where we have used the same notation as in Conj. 1.9. It follows from Prop. 6.2 that this is not a
ring isomorphism. But it is lear how to hange the proedure to get the orret map.
However the previous omputation gives a way to get the isomorphism between the Chen-Ruan
ohomology and the quantum orreted ohomology of the repant resolution in the ADE-ase. This
will be objet of further investigations.
2.3 Denition of orbifolds with transversal ADE singularities
We use the language of groupoids, and refer to [10℄ and to the referenes there for a more detailed
disussion of the relations between orbifolds and groupoids. To x notations, we reall that an
orbifold struture on the paraompat Hausdor spae Y is dened to be an orbifold groupoid G
with a homeomorphism f : |G| → Y . Two orbifold strutures (G, f) and (G′, f ′) are equivalent i G
and G′ are Morita equivalent and the maps f and f ′ are ompatible under the equivalene relation.
Then an orbifold [Y ] is dened to be a spae Y with an equivalent lass of orbifold strutures. An
orbifold struture (G, f) in suh an equivalene lass is a presentation of the orbifold [Y ]. The orbifold
[Y ] is omplex if it is given in addition a omplex struture on the tangent bundle TG0, whih is
equivariant under the G-ation.
An orbifold struture over Y an also be given by an open overing {Vα} of Y and, for any α, a
smooth variety Uα, a nite group Gα ating on it, and an homeomorphism χα : Uα/Gα → Vα. This
data must satises the ondition that, whenever u ∈ Uα and u′ ∈ Uβ map to the same y ∈ Y , then
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there exist neighborhoods W ⊂ Uα of u and W ′ ⊂ Uβ of u′, and an isomorphism ϕ :W →W ′ whih
sends u in u′ suh that the following diagram ommutes
W
ϕ−−−−−→ W ′
χα
??y ??yχβ
Y
id−−−−−→ Y
Then, if we set
G0 := ⊔αUα,
G1 := {(u, ϕ, u′)|u andu′map to the same y ∈ Y, andϕ is a germ of a loal isomorphism as above}
and the struture maps dened in the obvious way, we obtain a groupoid G whih is an orbifold
struture on Y .
We say that the variety Y has transversal ADE singularities if the singular lous S is onneted,
smooth, and the pair (S, Y ) is loally (in the omplex topology) isomorphi to (Ck × {0},Ck × R).
We have the following
Proposition 2.9. Let Y be a variety with transversal ADE singularities. Then there is a unique
omplex holomorphi orbifold struture [Y ] on Y suh that the xed point lous of the loal groups
has odimension greater than 2.
Proof. This is a partiular ase of the well known fat that every omplex variety with quotient
singularities has a unique orbifold struture suh that the xed point lous of the loal groups has
odimension greater than 2 (see e.g. [43℄).
Denition 2.10. An orbifold with transversal ADE singularities is the orbifold [Y ] assoiated
to a variety Y with transversal ADE singularities as in Prop. 2.9.
Notation 2.11. Let [Y ] be an orbifold with transversal ADE singularities. In the rest of the paper,
we will use the presentation (G, f) of [Y ] dened as follows. Let y ∈ Y be a point. If y /∈ S, take Vα
to be a smooth open neighborhood of y, Uα := Vα and χα := idVα . If y ∈ S, then set Vα an open
neighborhood of the form
Vα ∼= Ck ×R,
Uα := C
k × C2,
Gα := G
and
χα : Uα/Gα
∼=→ Vα,
where Gα ats on Uα := C
k × C2 only on the seond fator. The presentation of [Y ], (G, f), is
onstruted as explained in the beginning of the Setion. The triple (Uα, Gα, χα) is alled orbifold
hart at y.
Remark 2.12. If Y is a 3-fold with anonial singularities, then with the exeption of at most a nite
number of points, every point in Y has an open neighborhood whih is nonsingular or isomorphi to
C×R [38℄.
3 Chen-Ruan ohomology
In this Setion we ompute the Chen-Ruan ohomology of orbifolds with transversal An singularities.
As a vetor spae, the Chen-Ruan ohomology of [Y ] is dened by
H∗CR([Y ]) := ⊕(g)∈TH∗−2ι(g) (Y(g)),
where Y(g) is the oarse moduli spae of the twisted (untwisted) setor [Y(g)] ([Y(1)]), T is the set
of onneted omponents of the inertia orbifold [Y1], and ι(g) is the age (also alled degree shifting)
[11℄. We work with ohomology with omplex oeients, so H∗(Y(g)) denotes singular ohomology
with omplex oeients.
The orbifold up produt ∪CR is dened in terms of an obstrution bundle [E], whih is an orbifold
vetor bundle over the orbifold [Y 03 ], the sub-orbifold of the orbifold of 3-multisetors orresponding
to elements (g1, g2, g3) ∈ S3G suh that g1 · g2 · g3 = 1, [10℄ [11℄.
There is an orbifold morphism
[τ ] : [Y1]→ [Y ]
whose underlying ontinuous map is
τ : Y1 → Y
(y, (g)y) 7→ y.
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3.1 Inertia orbifold and monodromy
We study some properties of the inertia orbifold of an orbifold [Y ] with transversal ADE singularities.
The presentation of [Y ] desribed in Not. 2.11 will be used.
Lemma 3.1. The orbifold [Y ] indues a natural orbifold struture on S.
Proof. Let s and t be the soure and target maps of G, and denote by F : G0 → Y the omposition
of the quotient map G0 → |G| followed by f . We dene
H0 := F
−1(S) and H1 := t
−1(H0).
Sine t−1(H0) = s
−1(H0), we obtain a groupoid H whose struture maps are the restrition of the
struture maps of G to H0 and H1. The orbit spae |H| is ontained in |G| and the restrition of f
to |H|, f|, is an homeomorphism from |H| to S. Then (H, f|) is the orbifold struture on S.
Notation 3.2. We denote by [S] the orbifold given by the equivalene lass of (H, f|). [S] an be
viewed as sub-orbifold of [Y ]. The normal vetor bundle of [S] in [Y ] is denoted by [N ].
Proposition 3.3. 1. The restrition of τ : Y1 → Y to the oarse moduli spae of the union of the
twisted setors, ⊔(g) 6=(1)Y(g), is a topologial overing
τ| : ⊔(g) 6=(1)Y(g) → S.
2. For any point y ∈ S, the ber (τ|)−1(y) is anonially identied with the set of onjugay lasses
of the loal group Gy := (s, t)
−1(y, y) whih are dierent from the lass of the neutral element
(1), and hene with the set of the non trivial irreduible representations of Gy.
3. For y ∈ S, the ber [N ]y of the normal bundle of [S] in [Y ] is a 2-dimensional representation
of Gy, let ΓGy be the MKay graph of Gy with respet to [N ]y . Then, the monodromy of the
overing τ| at y takes values in the automorphism group of the MKay graph ΓGy .
Proof. 1. Following [10℄, we onsider the following Cartesian diagram whih denes SG and π
SG −−−−−→ G1
π
??y ??y(s,t)
G0
∆−−−−−→ G0 ×G0
(10)
where ∆ is the diagonal. SG is a G-spae with ation given by
G1 s×π SG → SG (11)
(a, b) 7→ aba−1
and the ation-groupoid G ⋉ SG is a presentation of the inertia orbifold [Y1].
Let π|H0 : SG|H0 → H0 be the base hange of π with respet to the inlusion H0 → G0 (H0 is
dened in the proof of the previous Lemma). With respet to our presentation of [Y ] (see Not. 2.11),
we have
SG|H0 ∼= H0 ×G.
The ation of G on SG restrits to an ation on H0×(G−{1}), whih under the previous identiation
is desribed as follows `
(u, ϕ, u′), (u, g)
´ 7→ (u′ = ϕ(u), ϕ ◦ g ◦ ϕ−1). (12)
The assoiated ation-groupoid, G ⋉ (H0 × (G− {1})), is a presentation of ⊔(g) 6=(1)[Y(g)]. The re-
strition of G ⋉ (H0 × (G− {1})) to (Uα)Gα × (G− {1}) is isomorphi to the ation groupoid
G ×
“
(Uα)
G × (G− {1})
”
⇒ (Uα)
G × (G− {1}),
moreover the orbifolds [G × `(Uα)G × (G− {1})´ ⇒ (Uα)G × (G − {1})] form an open overing of
⊔(g) 6=(1)[Y(g)]. Thus we see that (τ|)−1((Uα)G) is disjoint union of opies of (Uα)G and the restrition
of τ| on any of these omponents is an homeomorphism. This proves the statement.
2. It follows from diagram (10) and the ation (11) that
(τ|)
−1(y) = (π−1(y)− {idy})/π−1(y) = (Gy − {idy})/Gy
where Gy ats by onjugation. This establish the orrespondene between bers of τ| and onjugay
lasses of loal groups.
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3. Let y ∈ S. Using the hart (Uα, Gα, χα) at y we get an identiation of the loal group Gy′ with
Gα = G, for any y
′ ∈ (Uα)G. It is lear that these identiations respet the MKay graphs. It
remains to show that, if y ∈ Vα ∩ Vβ, the isomorphism Gα ∼= Gβ indued by the orbifold struture
respets the MKay graphs.
We reall that, in this situation, if W ⊂ Uα and W ′ ⊂ Uβ are neighborhoods of χ−1α (y) and
χ−1β (y) respetively, and ϕ : W → W ′ is an isomorphism suh that χβ ◦ ϕ = χα, then there exists a
unique isomorphism λ : Gα → Gβ suh that ϕ is λ-equivariant [33℄. We identify the representations
of Gα with that of Gβ by means of λ. In this way the irreduible representations orrespond to
irreduible representations. Finally, the linear map
T
χ−1α (y)
ϕ : T
χ−1
β
(y)
Uα → Tχ−1
β
(y)
Uβ
gives an isomorphism between the representations NUGα /Uα of Gα and NUGβ /Uβ
of Gβ. Now the
statement follows from the denition of the MKay graph and of the monodromy of a topologial
over, see e.g. [31℄.
Denition 3.4. Let [Y ] be an orbifold with transversal ADE singularities, y ∈ S. The monodromy
of [Y ] in y is the monodromy, in y, of the topologial over
τ| : ⊔(g) 6=(1)Y(g) → S,
it is denoted by the group homomorphism
my : π1(S, y)→ Aut(τ−1| (y)).
Remark 3.5. For G = An, n ≥ 1, Dn n ≥ 4, E6, E7, E8 (see Th. 2.2), the automorphism group of
ΓG is given as follows:
G Aut(ΓG)
A1 {1}
An n ≥ 2 Z2
D4 S3
Dn n ≥ 5 Z2
E6 Z2
E7 {1}
E8 {1}
where we have written on the left side the group G and on the right Aut(ΓG).
The previous onsiderations give onstraints on the topology of the spaes Y(g) for (g) ∈ T . The
following Corollary is an easy onsequene of Prop. 3.3.
Corollary 3.6. Let [Y ] be an orbifold with transversal ADE singularities. Then, if the monodromy
is trivial, all the oarse moduli spaes of the twisted setors are anonially isomorphi to S.
If the monodromy is not trivial, there exists an open neighborhood U of S and a overing spae U˜ →
U suh that U˜ has a struture of orbifold with transversal ADE singularities and trivial monodromy.
Proof. For any (g) 6= (1), the map
τ|Y(g) : Y(g) → S
is a onneted topologial overing. If [Y ] has trivial monodromy, then τ|Y(g) has also trivial mon-
odromy. It follows that τ|Y(g) is an homeomorphism.
Assume now that the monodromy is not trivial. Let U ⊂ Y be a tubular neighborhood of S and
y ∈ Y a point. Then the representation
my : π1(S, y)→ Aut(τ−1| (y))
guarantee the existene of a overing U˜ → U with the same monodromy my. Sine U˜ → U is a
loal homeomorphism, U˜ is a omplex analyti spae with transversal ADE singularities, hene it
has a struture of orbifold with transversal ADE singularities [U˜ ]. By onstrution [U˜ ] has trivial
monodromy.
Remark 3.7. Notie that the twisted setors [Y(g)] of [Y ] depend only on a neighborhood of S in
Y . Indeed, let U ⊂ Y be an open neighborhood of S in Y , then U is a variety with transversal ADE
singularities and the twisted setors [U(g)] of [U ] are anonially isomorphi to [Y(g)]. So,
[Y1] ∼= [Y ]
G
(g)∈T,(g) 6=(1)
[U(g)].
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Corollary 3.8. Let [Y ] be an orbifold with transversal An singularities and trivial monodromy. If
n ≥ 2, then the normal bundle [N ] of [S] in [Y ] is isomorphi to the diret sum of two line bundles
[N ]g and [N ]g
−1
on [S],
[N ] ∼= [N ]g ⊕ [N ]g−1 .
Proof. A presentation of [N ] is given by the H-spae NH0/G0 → H0, [10℄. The subset SG|H0 of G1
(see (10)) ats on NH0/G0 → H0 xing the soure points. Beause of our speial presentation (G, f)
we have the identiation
SG|H0 ∼= H0 ×G ∼= H0 × Zn+1,
then
NH0/G0
∼= (NH0/G0)g ⊕ (NH0/G0)g
−1
,
where g : Zn+1 → C∗ is a generator of the group of haraters of Zn+1, and Zn+1 ats on eah fator
by multipliation with the orresponding harater.
In general, (NH0/G0)
g → H0 and (NH0/G0)g
−1 → H0 are not H-spaes. However, if the
monodromy is trivial, we identify the loal groups Gy with Zn+1 in suh a way that, for any
(u, g) ∈ H0 × Zn+1 and (u, ϕ, u′) ∈ G1,
ϕ ◦ g ◦ ϕ−1 = g.
Now, let s, t : H1 → H0 be soure and target maps of H. The previous onsiderations imply that
the map
Φ : s∗(NH0/G0)
g → t∗(NH0/G0)g`
(u, ϕ, u′), v
´ 7→ Tϕ(v)
is an isomorphism of vetor bundles overH1. Φ is ompatible with the multipliation of the groupoid,
hene (NH0/G0)
g
denes the orbifold line bundle [N ]g . In the same way, (NH0/G0)
g
−1
denes [N ]g
−1
.
3.2 Chen-Ruan ohomology ring
We now desribe the Chen-Ruan ohomology ring of an orbifold [Y ] with transversal An singularities.
We rst study the ase n = 1. In this ase, there is only one twisted setor whih is isomorphi to
[S]. Then, as a vetor spae, the Chen-Ruan ohomology is given by
H∗CR([Y ]) = H
∗(Y )⊕H∗−2(S)〈e〉.
The obstrution bundle has rank zero (see e.g. [18℄), so its top Chern lass is 1. Then
(δ1 + α1e) ∪CR (δ2 + α2e) = δ1 ∪ δ2 + 1
2
i∗(α1 ∪ α2) + (i∗(δ1) ∪ α2 + α1 ∪ i∗(δ2))e
where δ1 + α1e, δ2 + α2e ∈ H∗(Y )⊕H∗−2(S)〈e〉. This an be dedued e.g. from the Deomposition
Lemma 4.1.4 in [11℄.
Case An with n ≥ 2 and trivial monodromy.
We will use the following onvention.
Convention 3.9. Sine the monodromy is trivial, we identify the loal groups Gy with Zn+1. We
use both the additive and multipliative notations for the group operation.
Notation 3.10. The orbifold up produt an be desribed in terms of the Chern lasses of [N ]g
and [N ]g
−1
. But for later use we nd more onvenient to desribe it in a dierent way. Consider the
morphism
f : [S]→ S
that, naively speaking, forgets the orbifold struture. It is easy to see that
([N ]g)
⊗n+1 ∼= f∗M,
“
[N ]g
−1
”⊗n+1 ∼= f∗L and [N]g ⊗ [N]g−1 ∼= f∗K, (13)
for some line bundles M,L and K on S. The orbifold up produt will be expressed in terms of the
Chern lasses of M,L and K.
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Notation 3.11. From Cor. 3.6 we have that the topologial spae Y(a) underlying the non-twisted
setor [Y(a)] is anonially homeomorphi to S, where a ∈ {1, ..., n+1}. In partiular the ohomology
group H∗(Y(a)) is identied with H
∗(S). We will denote H∗(Y(a)) by H
∗(S)〈ea〉.
Theorem 3.12. Let [Y ] be an orbifold with transversal An singularities. Assume that the monodromy
is trivial. Then, as a vetor spae
H∗CR([Y ]) ∼= H∗(Y )⊕n+1a=1 H∗−2(S)〈ea〉. (14)
The orbifold up produt is skewsymmetri and it is given as follows:
1. α ∪CR β = α ∪ β ∈ H∗(Y ) if α, β ∈ H∗(Y )
2. ea ∪CR β = i∗(β)ea ∈ H∗(S) if β ∈ H∗(Y )
3. ea ∪CR eb = 1n+1 i∗([S]) ∈ H∗(Y ) if a+ b = 0 mod(n + 1)
4. ea ∪CR eb = 1n+1c1(L)ea+b if a+ b < n+ 1
5. ea ∪CR eb = 1n+1c1(M)ea+b−n−1 if a+ b > n+ 1,
where L and M are the line bundles dened by equations (13), i : S → Y is the inlusion of the
singular lous in Y and [S] ∈ H0(S).
Proof. Equation (14) is a diret onsequene of Prop. 3.6. The skewsymmetry of ∪CR follows
from the fat that [Y ] is Gorenstein. Finally, the desription of ∪CR follows from the Deomposition
Lemma 4.1.4. in [11℄ and a formula for the obstrution bundle [Y ] that we explain now.
Following [10℄ we set
S30 := {(a1, a2, a3) ∈ G31|s(a1) = t(a1) = s(a2) = t(a2) = s(a3) = t(a3), a1 · a2 · a3 = 1}.
The anhor map is dened as
π3 : S30 → G0
(a1, a2, a3) 7→ s(a1),
and the groupoid G ats on S30 as follows
G1 s×π3 S30 → S30
(b, (a1, a2, a3)) 7→ (b · a1 · b−1, b · a2 · b−1, b · a3 · b−1).
The ation groupoid G ⋉ S30 is a presentation for the orbifold [Y 30 ]. We have a deomposition of [Y 30 ]
as disjoint union of its onneted omponents:
[Y 30 ] = ⊔(a)∈T30 [Y(a)],
where a := (a1, a2, a3) and T
3
0 is the set of onneted omponents of [Y
3
0 ]. Let S(a) be the pre-image
of [Y(a)] with respet to the natural map S30 → [Y 30 ]. Then the ation of G on S30 restrits to an
ation on S(a) giving a presentation for [Y(a)]. We denote by [E(a)] the restrition of the obstrution
bundle [E] to [Y(a)].
If a1 = 0, a2 = 0 or a3 = 0, then [E(a)] has rank 0, [11℄ Lemma4.2.2, [18℄ Lemma 1.12. Hene, it
remains to onsider the ase where (a1, a2, a3) 6= (0, 0, 0). Under the hypothesis of trivial monodromy
and with our hoie of G, it follows that
T30 = {(a1, a2, a3) ∈ Z3n+1|a1 + a2 + a3 = 0},
and
S(a) ∼= H0 × {(a)}.
Let Σ → P1 be the Galois over of P1, with Galois group the subgroup 〈(a)〉 of Zn+1 generated by
a1, a2, a3, branhed over 0, 1,∞ ∈ P1, and with monodromy a1, a2, a3 at 0, 1,∞ respetively. Then,
[E(a)] has the following presentation“
H1(Σ,OΣ)⊗ (π∗3TG0)|S(a)
”〈(a)〉
→ S(a),
where ()〈(a)〉 means the 〈(a)〉-invariant part with respet to the ation on both fators. We replae
now, in the previous expression, TG0 with the normal bundle NH0/G0 , and Σ with the Galois over
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C → P1 with Galois group Zn+1 indued by the inlusion 〈(a)〉 ⊂ Zn+1. We get the following
presentation for [E(a)]: `
H1(C,OC)⊗ (π3∗|NH0/G0)
´Zn+1 → S(a). (15)
Notie that p : C → P1 is an abelian over in the sense of [35℄, so
p∗OC = ⊕c∈Z∗
n+1
(L−1)c
where Z∗n+1 is the group of haraters of Zn+1 and Zn+1 ats on (L
−1)c via the harater c. Hene,
(15) beomes “
H1(C,OC)⊗ (π3∗|NH0/G0)|S(a)
”Zn+1
(16)
∼=
“
H1(P1, (L−1)g)⊗ (NH0/G0)g
−1
”
⊕
“
H1(P1, (L−1)g
−1
)⊗ (NH0/G0)g
”
. (17)
By Prop. 2.1 of [35℄, see also [10℄, we have that
Lg =
(
O(2) if a1 + a2 < n+ 1,
O(1) if a1 + a2 ≥ n+ 1
and
Lg
−1
=
(
O(1) if a1 + a2 ≤ n+ 1,
O(2) if a1 + a2 > n+ 1
This onludes the proof.
The general ase.
We now study the ase in whih the monodromy is not trivial. We rst notie that it is enough
to ompute the Chen-Ruan ohomology ring
H∗CR([U ]),
where U ⊂ Y is any open onneted neighborhood of S. By Cor. 3.6 there exists a U and a
Z2-overing
p : U˜ → U
suh that [U˜ ] has trivial monodromy. There is a unique morphism of orbifolds
[p] : [U˜ ]→ [U ]
with assoiated ontinuous map p. Moreover we have a morphism between the inertia orbifolds:
[p1] : [U˜1]→ [U1].
The group Z2 ats on H
∗
CR([U˜ ]) and the morphism
p∗1 : H
∗
CR([U ])→ H∗CR([U˜ ])
indues an isomorphism between H∗CR([U ]) and
“
H∗CR([U˜ ])
”Z2
, as vetor spaes. We will denote by
p∗1 this isomorphism.
Proposition 3.13. The restrition of the orbifold up produt to
“
H∗CR([U˜ ])
”Z2
denes an assoia-
tive produt suh that
p∗1 : H
∗
CR([U ])→
“
H∗CR([U˜ ])
”Z2
is a ring isomorphism.
Proof. Cor. 3.6 imply that we an identify the oarse moduli spae of [U˜1] as follows
U˜1 ∼= U˜ ⊔a∈Zn+1−{0} S˜ × {a},
where S˜ := p−1(S). Z2 ats on U˜1 by the monodromy of p : U˜ → U on U˜ , and on ⊔a∈Zn+1−{0}S˜×{a}
through
ǫ : ⊔a∈Zn+1−{0}S˜ × {a} → ⊔a∈Zn+1−{0}S˜ × {a}
(y˜, a) 7→ (ǫ · y˜,−a)
where y˜ 7→ ǫ · y˜ is the monodromy on S˜. This ation indues an ation of Z2 on U˜03 in a natural
way. From the desription of the obstrution bundle [E]→ [U˜03 ] as given in the proof of Th. 3.12 it
follows that
ǫ∗[E] ∼= [E]
for ǫ ∈ Z2. Then the result follows.
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3.3 Examples
We give here some speial examples of Chen-Ruan ohomology rings.
Example 3.14. : surfae ase. Let Y be a projetive surfae with one singular point of type An.
So S = {p} is a point and a neighborhood U of p ∈ Y is isomorphi to
U ∼= {(x, y, z) ∈ C3 : xy − zn+1 = 0}.
Here U is the quotient of C2 by the ation of the group µn+1 given by ǫ · (u, v) = (ǫ · u, ǫ−1 · v),
ǫ ∈ µn+1.
As a vetor spae
H∗CR([Y ]) = H
∗(Y )⊕H∗−2(S)〈e1〉 ⊕ ...⊕H∗−2(S)〈en〉.
The produt rule is given by
ei ∪CR ej =
(
0 if i+ j 6= 0(mod n+ 1),
1
n+1
i∗[S] ∈ H4(Y ) if i+ j = 0(mod n+ 1).
Example 3.15. : transversal A2-ase, trivial monodromy. In this ase we have
H∗CR([Y ]) = H
∗(Y )⊕H∗−2(S)〈e1〉 ⊕H∗−2(S)〈e2〉
as a vetor spae. Given δ1 + α1e1 + β1e2, δ2 + α2e1 + β2e2 ∈ H∗CR(Y ), the following expression for
the orbifold up produt holds:
(δ1 + α1e1 + β1e2) ∪CR (δ2 + α2e1 + β2e2) = δ1 ∪ δ2 + 1
2
i∗(α1 ∪ β2 + β1 ∪ α2) +
(i∗(δ1) ∪ α2 + α1 ∪ i∗(δ2) + β1 ∪ β2 ∪ c1(L))e1 +
(i∗(δ1) ∪ β2 + β1 ∪ i∗(δ2) + α1 ∪ α2 ∪ c1(M))e2.
4 Crepant resolution
In this Setion we show that any variety with transversal ADE singularities Y has a unique repant
resolution ρ : Z → Y . Then we restrit our attention to the An-ase and trivial monodromy. In this
ase we desribe the exeptional lous E in terms of the line bundles L, M and K dened in Not.
3.10. Finally we ompute the ohomology ring H∗(Z) of Z in terms of the ohomology of Y and of
the Chern lasses of L, M and K.
4.1 Existene and uniity
First observe that if R ⊂ C3 is a rational double point. Then R has a unique repant resolution
ρ : R˜→ R, where R˜ an be obtained by blowing-up suessively the singular lous. The exeptional
lous C ⊂ R˜ is the union of rational urves Cl with self-intersetion Cl · Cl = −2. The shape of C
inside R˜ is desribed by the resolution graph (Setion 2.1).
Example 4.1. (Resolution of An-surfae singularities). Let
R = {(x, y, z) ∈ C3 : xy − zn+1 = 0}
be a surfae singularity of type An. Let r : R1 = Bl0R→ R be the blow-up of R at the origin. Then
R1 is overed by three open ane varieties U, V and W , where
U = {
“
x,
v
u
,
w
u
”
∈ C3 :
“ v
u
”
− xn−1
“w
u
”n+1
= 0}
V = {
“
y,
u
v
,
w
v
”
∈ C3 :
“u
v
”
− yn−1
“w
v
”n+1
= 0}
W = {
“
z,
u
w
,
v
w
”
∈ C3 : u
w
v
w
− zn−1 = 0}.
and the restrition of r to U, V,W is given by
r|U :
“
x,
v
u
,
w
u
”
7→
“
x, x
v
u
, x
w
u
”
= (x, y, z)
r|V :
“
y,
u
v
,
w
v
”
7→
“
y
u
v
, y, y
w
v
”
= (x, y, z)
r|W :
“
z,
u
w
,
v
w
”
7→
“
z
u
w
, z
v
w
, z
”
= (x, y, z).
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If n = 1, R1 is smooth and the exeptional lous is given by one rational urve C. A diret
omputation shows that C ·C = −2. If n ≥ 2, R1 has a singularity of type An−2 at the origin of W
and the exeptional lous is the union of two rational urves meeting at the singular point. Then,
after a nite number of blow-ups, we get a smooth surfae.
Let R˜ be the rst smooth surfae obtained in this way, ρ : R˜→ R the omposition of the blow-up
morphisms and C = C1, ..., Cn be the omponents of the exeptional lous. Then Cl · Cl = −2 for
any l ∈ {1, ..., n} and moreover there exists an isomorphism of sheaves
ρ∗KR ∼= KR˜.
Hene ρ : R˜→ R is repant.
We have the following result.
Proposition 4.2. Let Y be a variety with transversal ADE singularities. Then Y has a unique
repant resolution ρ : Z → Y up to isomorphism.
Proof. To prove the existene, one an proeed as follows. Let r : BlSY → Y be the blow-up of Y
along S. If BlSY is smooth, then dene Z := BlSY and ρ = r. Otherwise, blow-up again. As in the
surfae ase, after a nite number of blow-up, we will nd a smooth variety. Dene Z to be the rst
smooth variety obtained in this way, and ρ be the omposition of the blow-up morphisms. We now
show that ρ∗KY ∼= KZ . In general we have
ρ∗KY ∼= KZ +
nX
l=1
alEl,
where El are the omponents of the exeptional divisor E of ρ and al are integers dened as follows.
Let z ∈ El be a generi point, and gl = 0 be an equation for El in a neighborhood of z. Let s be a
(loal) generator of KY in a neighborhood of ρ(z). Then al is dened by the equation
ρ∗(s) = g
al
l · (dz1 ∧ ... ∧ dzd),
where z1, ..., zd are loal oordinates for Z in z [12℄. In our ase, Y is loally a produt R × Ck, so
Z is loally isomorphi to R˜ × Ck, with k = d − 2. Then, sine R˜ → R is repant, al = 0 for all
l ∈ {1, ..., d}.
We now prove uniity. Assume that ρ1 : Z1 → Y is another repant resolution of Y . By [19℄,
Lemma 2.10, the exeptional lous of ρ1 is of pure odimension 1 in Z1. Let IS/Y be the ideal sheaf
of S in Y . The sheaf J := ρ−11 (IS/Y ) · OZ1 is the ideal sheaf of the exeptional lous of ρ1, hene it
is invertible. Moreover, we get a morphism Z1 → BlSY whih lifts ρ1 [23℄. Repeating this argument
we get a morphism f : Z1 → Z. To see that f is an isomorphism we notie that the morphism
∧dTZ1 → f∗ ∧d TZ
is an isomorphism sine it orresponds to a non zero global setion of OZ1(KZ1 − f∗KZ) ∼= OZ1 .
This shows that f is a loal isomorphism, and sine it is birational, it is one to one.
4.2 Geometry of the exeptional divisor
We now restrit our attention to varieties with transversal An singularities suh that the assoiated
orbifold [Y ] has trivial monodromy. In this ase any omponent of the exeptional divisor has a
struture of P1-bundle on S and we desribe it as the projetivization of a vetor bundle of rank 2.
These vetor bundles will be dened in terms of the line bundles L, M and K previously introdued.
This will allow us to give a desription of the ohomology of Z in terms of the Chern lasses of L,
M and K so that we an ompare the Chen-Ruan ohomology ring H∗CR([Y ]) (Th. 3.12) with the
ohomology ring H∗(Z).
Notation 4.3. From now on Y denotes a variety with transversal An singularities suh that the
assoiated orbifold [Y ] has trivial monodromy. The repant resolution obtained by blowing-up the
singular lous i : S → Y is denoted by ρ : Z → Y . The exeptional divisor will be denoted by E and
by j : E → Z the inlusion, the restrition of ρ to E by π : E → S.
For every vetor bundle F over the variety X, by P(F ) we denote the projetive bundle of lines
in F as dened in [20℄ Appendix B.5.5 (and therein denoted by P(F)). On P(F ) there is a anonial
line bundle OF (1). So, for any integer m ∈ Z, we have the line bundle OF (m) on P(F ), for further
details see [20℄.
The A1 ase
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Proposition 4.4. Let Y be a variety with transversal A1 singularities. Then E is irreduible and
there exist two vetor bundles F and G on S with rank 2 and 1 respetively suh that
E ∼= P(F ),
NE/Z ∼= OF (−2)⊗ π∗G. (18)
Moreover F and G are related by
∧2F ⊗G ∼= R1π∗NE/Z . (19)
Proof. We have that Z = BlSY and the normal one CSY of S in Y is a oni bundle with ber
isomorphi to {(x, y, z) ∈ C3 : xy − z2 = 0}. Therefore π : E = P(CSY ) → S is a P1 bundle over S
and in partiular it is irreduible. Sine S is smooth, there exists a rank two vetor bundle F on S
suh that E ∼= P(F ). Let us x one of these bundles and denote it by F . The normal bundle NE/Z
is a line bundle whose restrition on eah ber π−1(s) is isomorphi to OP1(−2), then (18) follows.
Using the projetion formula (see e.g. [23℄), we have (19).
The ase n ≥ 2
Notation 4.5. Sine the monodromy is trivial, the exeptional divisor E of ρ : Z → Y has n
irreduible omponents. We denote suh omponents by E1, ..., En in suh a way that
El ∩Em =
(
∅ if | l−m |> 1,
6= ∅ if | l−m |= 1.
The restrition of π : E → S to El is denoted by πl : El → S, and the restrition of j : E → Z to El
by jl : El → Z, for l ∈ {1, ..., n}. We denote by βl the generi ber of πl.
Proposition 4.6. There are line bundles Ll,Ml on S, for l ∈ {1, ..., n}, suh that:
a. for any l ∈ {1, ..., n} there is an isomorphism El ∼= P(Ll ⊕Ml) (whih we x for the rest of the
paper);
b. Ll ⊗M∨l ∼=M ⊗ (K∨)⊗l, for all l ∈ {1, ..., n};
. under the identiation of El with P(Ll ⊕ Ml) in a, we have the following desription of the
intersetion lous of two omponents of E:
Ek ∩El =
8><
>:
∅ if |k − l| > 1,
P(Ml−1) ⊂ El−1 if k = l − 1,
P(Ll) ⊂ El if k = l − 1.
Proof. We prove the Proposition in the following way: we identify Z with the variety obtained
from Y after a nite number of blow-ups; we will show that at eah blow-up the normal one to the
singular lous is the union of two vetor bundles of rank two over S; nally we desribe these vetor
bundles in terms of L,M and K.
Let (G, f) be the presentation of [Y ] desribed in Not. 2.11. We identify Y with the orbit spae
|G| through f . For any omponent Uα of G0, we denote with (wα, uα, vα) the standard oordinate
system for Uα. Then χα : Uα → Vα is given as follows
χα(wα, uα, vα) = (wα, u
n+1
α , v
n+1
α , uα · vα) =: (wα, xα, yα, zα).
For any y ∈ S, let u ∈ Uα and u′ ∈ Uβ be points over y, i.e. χα(u) = χβ(u′) = y. Let ϕαβ be
the Zn+1-equivariant isomorphisms between neighborhoods of u and u
′
suh that ϕαβ(u) = u
′
, and
Φαβ , Fαβ, Gαβ the omponents of ϕαβ with respet to the oordinates (wβ, uβ , vβ). Sine ϕαβ is
Zn+1-equivariant, we have the following hange of variable expression
xβ = xα
„
∂Fαβ
∂uα
«n+1
+ higher order terms
yβ = yα
„
∂Gαβ
∂vα
«n+1
+ h.o.t.
zβ = zα
∂Fαβ
∂uα
∂Gαβ
∂vα
+ h.o.t..
Notie that
“
∂Fαβ
∂uα
”n+1
,
“
∂Gαβ
∂vα
”n+1
and
∂Fαβ
∂uα
∂Gαβ
∂vα
are transition funtions for M , L and K respe-
tively (Not. 3.10). To onlude, we distinguish two ases: n even and n odd.
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n even
From the previous onsiderations it is lear that the normal one of S in Y is the union of two
irreduible omponents, C1 and C2. Moreover C1 and C2 have a struture of vetor bundles of rank
2 over S and they are given by
C1 ∼= M ⊕K
C2 ∼= L⊕K.
Furthermore the intersetion C1∩C2 in CSY is given by the line bundle K. Then we dene L1 :=M ,
M1 = Ln := K, Mn := L.
If n = 2 the result holds, otherwise BlSY is a variety over Y with transversal An−2 singulari-
ties, the exeptional divisor is P(CSY ) = P(C1) ∪ P(C2), the singular lous is P(C1) ∩ P(C2). Let
(aα, bα, zα), (aβ, bβ, zβ) be oordinates in a neighborhood of the singular lous. The blow-up mor-
phism, in these oordinates, is given by: xα = aαzα, yα = bαzα, zα = zα. The two systems of
oordinates, (aα, bα, zα) and (aβ, bβ, zβ) are related as follows:
aβ =
xβ
zβ
=
Fn+1αβ (aαzα)
Fαβ ·Gαβ
bβ =
yβ
zβ
=
Gn+1αβ (aαzα)
Fαβ ·Gαβ (20)
zβ = Fαβ ·Gαβ .
Notie that, on the right hand side of the rst two equations, both numerator and denominator are
multiples of zα. So, after dividing by zα, (20) beomes
aβ = aα
“
∂Fαβ
∂uα
”n+1
“
∂Fαβ
∂uα
∂Gαβ
∂vα
” + h.o.t.'s
bβ = bα
“
∂Gαβ
∂vα
”n+1
“
∂Fαβ
∂uα
∂Gαβ
∂vα
” + h.o.t.'s
zβ = Fαβ ·Gαβ .
Then the normal one of the singular lous, after the rst blow-up, is the union of the irreduible
omponents (M ⊗K∨)⊕K and K ⊕ (L⊗K∨) interseting along K.
Under the identiation of the strit transform of P(CSY ) with P(M ⊕K) ∪ P(K ⊕ L), we have
that P((M ⊗ K∨) ⊕ K) ∩ P(M ⊕ K) = P(K) ⊂ P(M ⊕ K), P((M ⊗ K∨) ⊕ K) ∩ P(M ⊕ K) =
P(M ⊗K∨) ⊂ P(M ⊗ K∨ ⊕ K) and P(M ⊕K) ∩ P(K ⊕ (L ⊗K∨)) = ∅. We set L2 := M ⊗ K∨,
M2 = Ln−1 := K and Mn−1 := L ⊗ K∨. Proeeding in this way, after k = n/2 steps we get the
result.
n = 2k + 1 odd
We an identify Ek+1 with P(Lk+1⊕Mk+1) in suh a way that point  of the proposition is veried.
The only thing we have to show is that
Lk+1 ⊗M∨k+1 ∼=M ⊗ (K∨)⊗k+1.
This an be seen in the following way. Write
NEk+1/Z = OLk+1⊕Mk+1(−2)⊗ π∗k+1G
for some line bundle G on S, so
NEk+1/Z |P(Lk+1)
∼= L⊗2k+1 ⊗G.
On the other hand,
NEk+1/Z |P(Lk+1)
∼= NEk∩Ek+1/Ek ∼= Lk ⊗M∨k ∼=M ⊗ (K⊗k)∨
(see e.g. [20℄, Appendix B.5.6). So we get the relation
L⊗2k+1 ⊗G ∼=M ⊗ (K⊗k)∨.
The same onsiderations for k + 1 give the relation
M⊗2k+1 ⊗G ∼= K⊗k+2 ⊗M∨.
This prove the assertion.
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4.3 Cohomology ring of the repant resolution
Notation 4.7. In this Setion we use Not. 4.5. Moreover, by abuse of notation, for any variety X
and line bundle L on X, we will denote by L the rst Chern lass c1(L) ∈ H2(X). If α ∈ H∗(X),
then the up produt α ∪ c1(L) ∈ H∗(X) will be denoted by αL.
The A1-ase
Proposition 4.8. Let Y be a variety with transversal A1 singularities. Then the following map is
an isomorphism of vetor spaes
H∗(Y )⊕H∗−2(S)〈E〉 ∼= H∗(Z)
δ + αE 7→ ρ∗(δ) + j∗π∗(α). (21)
Under the identiation of H∗(Z) with H∗(Y ) ⊕H∗−2(S)〈E〉 by means of (21), the up produt of
Z is given by
(δ1 + α1E) · (δ2 + α2E) = δ1 ∪ δ2 − 2i∗(α1 ∪ α2)
+
`
i∗(δ1) ∪ α2 + α1 ∪ i∗(δ2) + 2R1π∗NE/Z ∪ α1 ∪ α2
´
E.
Proof. The map (21) is learly an isomorphism of omplex vetor spaes. From the projetion
formula we get
j∗π
∗(α) ∪ ρ∗(δ) = j∗ (π∗(α) · j∗ρ∗(δ)) = j∗π∗(α · i∗δ).
Hene αE · δ = (α ∪ i∗δ)E. For α1, α2 ∈ H∗(S)
j∗π
∗(α1) ∪ j∗π∗(α2) = ρ∗(δ) + j∗π∗(α)
for some δ ∈ H∗(Y ) and α ∈ H∗(S). Using again the projetion formula we have
j∗π
∗(α1) ∪ j∗π∗(α2) = j∗
`
NE/Z ∪ π∗(α1 ∪ α2)
´
.
Therefore
δ = ρ∗(j∗π
∗(α1) ∪ j∗π∗(α2)) = −2i∗(α1 ∪ α2).
To determine α we notie that π∗(α) is the oeient of OF (−2) in j∗(j∗π∗(α1) ∪ j∗π∗(α2)), hene
α = 2α1 ∪ α2 ∪R1π∗NE/Z .
The An-ase
Proposition 4.9. Let Y be a variety with transversal An-singularities whose assoiated orbifold [Y ]
has trivial monodromy. Then the map below is an isomorphism of vetor spaes
H∗(Y )⊕nl=1 H∗−2(S)〈El〉 → H∗(Z) (22)
δ + α1E1 + ...+ αnEn 7→ ρ∗(δ) +
nX
l=1
jl∗π
∗
l (αl).
Under this identiation the up produt of Z is given by
Ei ∪Ej = ρ∗(Ei ∪Ej) +
nX
l=1
αlEl, (23)
where the vetor (α1, ..., αn) is
• (0, ..., 0) if | i− j |> 1;
• if i = j − 1 and j ∈ {2, ..., n} it is dened by the system0
BBBBBBBBBB@
0
...
0
jK −M
M − (j − 1)K
0
...
0
1
CCCCCCCCCCA
=
0
BBBBBBBBBB@
−2 1 0 ... ... ... ... 0
1 −2 1 0 ... ... ... 0
0 1 −2 1 0 ... ... 0
0 0 1 −2 1 0 ... 0
0 0 0 1 −2 1 ... 0
... ... ... ... ... ... ... ...
... ... ... ... ... ... ... ...
0 ... ... .. .... ... 1 −2
1
CCCCCCCCCCA
0
BBBBBBBBBB@
α1
...
...
αj−1
αj
...
...
αn
1
CCCCCCCCCCA
;
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• if i = j and j ∈ {1, ..., n} then it is dened by0
BBBBBBBBBBBB@
0
...
0
M − (j − 1)K
−4K
(j + 1)K −M
0
...
0
1
CCCCCCCCCCCCA
=
0
BBBBBBBBBBBB@
−2 1 0 ... ... ... ... ... 0
1 −2 1 0 ... ... ... ... 0
0 1 −2 1 0 ... ... ... 0
0 0 1 −2 1 0 ... ... 0
... ... ... ... ... ... ... ... ...
0 0 0 1 −2 1 ... ... 0
... ... ... ... ... ... ... ... ...
... ... ... ... ... ... ... ... ...
0 ... ... .. .... ... ... 1 −2
1
CCCCCCCCCCCCA
0
BBBBBBBBBBBB@
α1
...
...
αj−1
αj
αj+1
...
...
αn
1
CCCCCCCCCCCCA
.
For the proof we need two lemmas:
Lemma 4.10. For any q we have an exat sequene
0→ Hq(Y ) ρ
∗
−→ Hq(Z) [j
∗]−−→ Hq(E)/π∗(Hq(S))→ 0,
where [j∗] is the omposition of j∗ with the projetion Hq(E) → Hq(E)/π∗(Hq(S)). The sequene
splits, so we get an isomorphism of vetor spaes
Hq(Z) ∼= Hq(Y )⊕Hq(E)/π∗(Hq(S)).
Proof. The exatness follows by omparing the exat sequenes of the pairs (E,Z) and (S, Y ). The
sequene splits sine there exists a push-forward morphism ρ∗ : H
∗(Z) → H∗(Y ) whih satises
ρ∗ ◦ ρ∗ = idH∗(Y ).
Lemma 4.11. There is a anonial isomorphism of vetor spaes
H∗(E)/π∗(H∗(S)) ∼= ⊕nl=1H∗(El)/π∗l (H∗(S)).
Proof. This is an easy onsequene of the struture of the ohomology of P1-bundles.
Proof of Proposition 4.9. Let us denote by cn the n×n matrix whih is minus the Cartan matrix,
cn =
0
BBBB@
−2 1 0 ... ... 0
1 −2 1 0 ... 0
... ... ... ... ... ...
0 ... 0 1 −2 1
0 ... ... 0 1 −2
1
CCCCA (24)
As a onsequene of the above Lemmas we have that the vetor spaes H∗(Y )⊕nl=1H∗−2(S)〈El〉
and H∗(Z) have the same dimension, so it is enough to show that the map in (22) is injetive. Hene
let us assume that
ρ∗(δ) +
nX
l=1
jl∗π
∗
l (αl) = 0. (25)
Then δ = ρ∗(ρ
∗(δ) +
Pn
l=1 jl∗π
∗
l (αl)) = 0. Moreover, applying j
∗
k to (25) we get the following
equation up to elements in π∗k(H
∗(S)),
0 = j∗k(
nX
l=1
jl∗π
∗
l (αl))
= π∗k(αk−1)[Ek−1 ∩Ek ⊂ Ek] + π∗k(αk)NEk/Z + π∗k(αk+1)[Ek+1 ∩ Ek ⊂ Ek]
= π∗k(αk−1 − 2αk + αk+1)OFk(1), (26)
where, by [Ek−1 ∩ Ek ⊂ Ek] (resp. [Ek+1 ∩ Ek ⊂ Ek]) we mean the ohomology lass dual to the
homology lass of Ek−1 ∩ Ek (resp. Ek+1 ∩ Ek) in Ek. Equation (26) is a onsequene of Prop. 4.6
and the following identities (see [20℄):
[El−1 ∩El ⊂ El−1] = c1(OFl−1(1)⊗ π∗l−1Ll−1)
[El−1 ∩ El ⊂ El] = c1(OFl(1)⊗ π∗lMl).
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From (26) we have (cn)klαl = 0 for any k = 1, ..., n. Sine cn is non-degenerate, αl = 0 for all l.
This shows that the map is injetive and hene an isomorphism.
Then to prove (23), we write
Ei ∪ Ej = ρ∗(δ) +
nX
l=1
jl∗π
∗
l (αl), (27)
where δ ∈ H∗(Y ) and αl ∈ H∗(S). Then
δ = ρ∗(Ei ∪Ej) =
8><
>:
0 if |i− j| > 1
[S] if |i− j| = 1
−2[S] if |i− j| = 0.
To determine the αl's, we pull-bak through jk both sides of (27) obtaining, up to elements in
π∗k(H
∗(S)),
j∗k(Ei ∪Ej) = π∗k(αk−1 − 2αk + αk+1)OFk(1).
On the other hand, the left side of (27) reads
j∗k(Ei ∪Ej) = j∗k(ji∗([Ei]) ∪ jj∗([Ej ])) = [Ei ∩Ek ⊂ Ek] ∪ [Ej ∩Ek ⊂ Ek]. (28)
We now distinguish three ases.
Case |i− j| > 1. Then Ei ∪Ej = 0.
Case i = j − 1, j ∈ 2, ..., n. Then
j∗k(Ej−1 ∪ Ej) =
8>><
>>:
0 for k < j − 1,
NEj−1/Z ∪ [Ej−1 ∩Ej ⊂ Ej−1] for k = j − 1,
NEj/Z ∪ [Ej−1 ∩Ej ⊂ Ej ] for k = j,
0 for k > j.
In order to ompute NEl/Z we proeed as in the last part of the proof of Prop. 4.6. We get
NEl/Z
∼= OFl(−2) + π∗l (K − Ll −Ml). (29)
Therefore, up to elements in π∗k(H
∗(S)), we have
j∗k(Ej−1 ∪Ej) =
8>><
>>:
0 for k < j − 1,
OFj−1(1)(jK −M) for k = j − 1,
OFj (1)(M − (j − 1)K) for k = j,
0 for k > j.
Then the αl's are uniquely determined by the following system0
BBBBBBBBBB@
0
...
0
jK −M
M − (j − 1)K
0
...
0
1
CCCCCCCCCCA
=
0
BBBBBBBBBB@
−2 1 0 ... ... ... ... 0
1 −2 1 0 ... ... ... 0
0 1 −2 1 0 ... ... 0
0 0 1 −2 1 0 ... 0
0 0 0 1 −2 1 ... 0
... ... ... ... ... ... ... ...
... ... ... ... ... ... ... ...
0 ... ... .. .... ... 1 −2
1
CCCCCCCCCCA
0
BBBBBBBBBB@
α1
...
...
αj−1
αj
...
...
αn
1
CCCCCCCCCCA
Case |i− j| = 0. This ase is analogous to the previous one hene we omit the omputations.
5 Quantum orretions
In this Setion we ompute the quantum orreted ohomology ring (as introdued in Def. 1.8) of
the repant resolution ρ : Z → Y of a variety with transversal An singularities. We will assume that
the orbifold [Y ] assoiated to Y has trivial monodromy.
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5.1 Gromov-Witten invariants of the repant resolution
We give here a onjetural formula for the genus zero Gromov-Witten invariants of Z whih are
needed to ompute the quantum orreted ohomology ring. We will use Notation 4.5. Moreover
we identify H∗(Z) with H∗(Y ) ⊕nl=1 H∗−2(S)〈El〉 by means of the isomorphism (22), so that a
ohomology lass γ ∈ H∗(Z) of Z will be denoted by
γ = δ + α1E1 + ...+ αnEn, with δ ∈ H∗(Y ), αl ∈ H∗−2(S).
Let βl ∈ H2(Z,Z) be the lass of a ber of πl : El → S. Then β1, ..., βn is an integral basis of Ker ρ∗
(see Assumption 1.3).
We will denote by ΨZΓ (γ1, γ2, γ3) the genus zero Gromov-Witten invariant of Z and homology
lass Γ = a1β1 + ...+ anβn ∈ H2(Z,Z), namely
ΨZΓ (γ1, γ2, γ3) =
Z
[M¯0,3(Z,Γ)]
vir
ev∗3(γ1 ⊗ γ2 ⊗ γ3) (30)
where γi ∈ H∗(Z), Γ ∈ Ker ρ∗, M¯0,3(Z,Γ) is the moduli spae of 3-pointed stable maps [µ :
(C, p1, p2, p3) → Z] suh that µ∗[C] = Γ, the arithmeti genus of C is 0, and ev3 : M¯0,3(Z,Γ) →
Z × Z × Z is the evaluation map.
Conjeture 5.1. Under the previous hypothesis, the following expression holds for the Gromov-
Witten invariants:
ΨZΓ (γ1, γ2, γ3) =
8><
>:
0 if γ1, γ2 or γ3 are in H
∗(Y );
(El1 · βµν)(El2 · βµν)(El3 · βµν )
R
S
α1 · α2 · α3 · R1π∗NE/Z
0 in the remaining ases.
where the seond possibility holds if Γ = a · βµν with βµν := βµ + ... + βν for µ, ν ∈ {1, ..., n} with
µ ≤ ν, and γi = αi ·Eli for i ∈ {1, 2, 3}.
Remark 5.2. We report here an outline of the proof of Conjeture 5.1. The omplete proof is
given in a work in progress with B. Fantehi where we also ompute the quantum orretions in the
transversal D and E ases. In Setion 7 we prove this onjeture in the A1-ase, in the An-ase if
Γ = βµν , and also in the An-ase for any Γ under some additional hypothesis on Z. These results
will be used in order to prove the onjeture in the general ase.
Our referenes for virtual fundamental lasses are [4℄ and [30℄. In partiular notations are taken
from [4℄.
It follows from Lem. 7.1 the existene of a morphism
φ : M¯0,0(Z,Γ)→ S (31)
of Deligne-Mumford staks suh that, if Γ = βµν , then it is an isomorphism. Under the identiation
of M¯0,0(Z, βµν) with S by means of (31), we have, by Th. 7.9,
[M¯0,0(Z, βµν)]vir = c1
`
R1π∗NE/Z
´
.
Therefore, Conj. 5.1 is equivalent to the following statement (see Lem. 7.5):
φ∗[M¯0,0(Z,Γ)]vir = a[M¯0,0(Z, βµν)]vir (32)
where
a =
(
1
d3
if Γ = dβµν
0 otherwise.
(33)
Notie that M¯0,0(Z,Γ) and M¯0,0(Z, βµν) have the same virtual dimension.
Let E•Γ → L•M¯0,0(Z,Γ) and E•βµν → L•M¯0,0(Z,βµν ) denote the standard obstrution theories of
Gromov-Witten theory. There exists a morphism
Θ : φ∗E•βµν → E•Γ
in the derived ategory D(OM¯0,0(Z,Γ)e´t). Let C•(Θ) be the mapping one of Θ, then by standard
properties of the mapping one we have the ommutative diagram below
φ∗E•βµν

Θ
// E•Γ

// C•(Θ)

+1
//
φ∗L•M¯0,0(Z,βµν)
// L•M¯0,0(Z,Γ)
// L•φ
+1
//
(34)
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where the rows are distinguished triangles and L•φ denotes the relative otangent omplex of φ. It
turns out that C•(Θ)→ L•φ is a relative perfet obstrution theory and its restrition on eah ber
of φ is an obstrution theory of virtual dimension 0. As a onsequene we have (32). To determine
the onstant a in (32) we an assume that Z satises the hypothesis of Th. 7.15. This proves (33)
whih omplete the proof.
Remark 5.3. Notie that, if [Y ] arries a global holomorphi sympleti 2-form ω, then we an
identify L with M∨ by means of ω. Hene
(n+ 1)K ∼=M ⊗ L ∼= OS
and all the Gromov-Witten invariants vanish.
5.2 Quantum orreted ohomology ring
Proposition 5.4. Let Y be a variety with transversal An singularities suh that n = 1 or n ≥ 2
and the orresponding orbifold [Y ] has trivial monodromy. Let ρ : Z → Y be the repant resolution.
Then, with the hypothesis under whih Conj. 5.1 holds, the quantum orreted up produt ∗ρ is
given by
Ei ∗ρ Ej = ρ∗(Ei ∪Ej) +
nX
l,m=1
(c−1n )lm{Rijm(q)R1π∗NE/Z + αijm}El, (35)
where (c−1n ) is the inverse matrix of (24), q := (q1, ..., qn),
Rijm(q) =
X
1≤µ≤ν≤n
(Ei · βµν)(Ej · βµν)(Em · βµν) qµ · · · qν
1− qµ · · · qν .
Here βµν := βµ + ... + βν and αijm = α = −4R1π∗NE/Z if n = 1, otherwise it is dened by
Ei ∪ Ej = ρ∗(Ei ∪ Ej) +
nX
l,m=1
(c−1n )lmαijmEl
(see Prop. 4.9).
Proof. First of all we notie that if γ1 ∈ H∗(Y ) or γ2 ∈ H∗(Y ), then γ1 ∗ρ γ2 = γ1 ∪ γ2. Indeed, in
this ase, all the Gromov-Witten invariants ΨZΓ (γ1, γ2, γ3) are 0 if Γ ∈ Kerρ∗. Therefore the quantum
orreted ohomology ring is determined by Ei ∗ρ Ej , for all i, j ∈ {1, ..., n}.
By denition we have that
Ei ∗ρ Ej = Ei ∪Ej + Ei∪qcEj ,
where Ei∪qcEj is dened by the equations
〈Ei∪qcEj , γ〉 = 〈Ei, Ej , γ〉qc(q1, ..., qn), γ ∈ H∗(Z). (36)
From Prop. 4.9, it is enough to show that
Ei∪qcEj =
nX
l,m=1
(c−1n )lmRijm(q)R
1π∗NE/ZEl. (37)
In general, we have
Ei ∪qc Ej = ǫ1(q)E1 + ...+ ǫn(q)En
for some ǫ1(q), ..., ǫn(q) ∈ H∗(S). To lighten the notations, we will denote ǫ1(q) with ǫl for all
l ∈ {1, ..., n}. Notie that Ei ∪qc Ej ∈ H∗(Y )⊥, where H∗(Y )⊥ is the subspae of H∗(Z) whih is
orthogonal to H∗(Y ) with respet to the Poinaré pairing. We ompute the left hand side of (36):
〈Ei ∪qc Ej , αEk〉 =
Z
Z
nX
l=1
jl∗π
∗
l (ǫl) ∪ αEk
=
nX
l=1
Z
Y
ρ∗(jl∗π
∗
l (ǫl) ∪ αEk)
=
nX
l=1
Z
Y
ρ∗jl∗(π
∗
l (ǫl) ∪ jl∗(αEk))
=
nX
l=1
Z
Y
i∗πl∗(π
∗
l (ǫl ∪ α) ∪ [El ∩Ek ⊂ El])
=
Z
S
(ǫk−1 − 2ǫk + ǫk+1) ∪ α.
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On the other hand, the right hand side of (36) is given by
〈Ei, Ej , αEk〉qc(q) =
∞X
a=1
X
1≤µ≤ν≤n
(qµ · · · qν)a(Ei · βµν)(Ej · βµν)(Ek · βµν)
Z
S
αR1π∗NE/Z
= Rijk(q)
Z
S
αR1π∗NE/Z .
Therefore, omparing the two expressions, (37) holds.
We give now a desription of the line bundle R1π∗NE/Z . This will be used to ompare the
Chen-Ruan ohomology of [Y ] and the quantum orreted ohomology of Z.
Lemma 5.5. For any µ ≤ ν, µ, ν ∈ 1, ..., n, there is an isomorphism
R1πµν∗NEµν/Z
∼= K
where K is the line bundle dened in Not. 3.10.
Proof. Let us rst assume that µ < ν. Then let a be an integer whih satises i ≤ a < j,
E˜a := Ei ∪ ... ∪Ea and E¯a+1 := Ea+1 ∪ ... ∪Ej . Let us denote Sa = E˜a ∩ E¯a+1. Consider the exat
sequene
0→ OEµν → OE˜a ⊕OE¯a+1 → OSa → 0.
This gives the exat sequene
0→ NEµν/Z → NE˜a/Z(Sa)⊕NE¯a+1/Z(Sa)→ NEµν/Z |Sa → 0. (38)
We now laim that
R1πµν∗NEµν/Z
∼= NE/Z |Sa .
This follows from the long exat sequene whih is obtained applying the funtor R•π∗ to (38).
Notie that
Rpπ∗NE˜a/Z(Sa) = R
pπ∗NE¯a+1/Z(Sa) = 0 for all p ≥ 0. (39)
Then, sine
NE/Z |Sa
∼= NSa/E˜a ⊗NSa/E¯a+1
we get the result by onsidering the expliit desription of the divisors Ei in terms of the line bundles
Li,Mi and K given in Prop. 4.6.
If µ = ν = l, then the result follows from (29).
6 Veriation of Conjeture 1.9 for A1 and A2 singularities
We put together the omputations of the previous Setions in order to verify Conj. 1.9 in the A1
and A2-ase.
6.1 The A1-ase
In this ase Conj. 5.1 is proved in Th. 7.6, so the quantum orreted ohomology ring reads
(δ1 + α1E) ∗ρ (δ2 + α2E) = δ1 ∪ δ2 − 2i∗(α1 ∪ α2)
+ (i∗(δ1) ∪ α2 + α1 ∪ i∗(δ2))E
+
„
(2 + 4
q
1− q )R
1π∗NE/Z ∪ α1 ∪ α2
«
E.
On the other hand, the orbifold up produt is given by
(δ1 + α1e) ∪CR (δ2 + α2e) = δ1 ∪ δ2 + 1
2
i∗(α1 ∪ α2)
+(i∗(δ1) ∪ α2 + α1 ∪ i∗(δ2))e.
It is easy to see that the morphism below is a ring isomorphism
H∗CR([Y ]) → H∗(Z)(−1)
(δ, α) 7→ (δ,
√−1
2
α).
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6.2 The A2-ase
Here [Y ] denotes an orbifold with transversal A2 singularities and trivial monodromy, ρ : Z → Y is
the repant resolution. We assume that Z satises the hypothesis under whih Conj. 5.1 holds.
Notation 6.1. We dene δ1 :=
q1
1−q1
, δ2 :=
q2
1−q2
and δ3 :=
q1q2
1−q1q2
.
In this ase, the quantum orreted ohomology ring H∗ρ (Z)(q1, q2) an be given expliitly using
Prop. 5.4:
E1 ∗ρ E1 = −2[S] + 1
3
[(4δ1 + δ3 + 2)L+ (4δ1 + δ3 + 3)M ]E1
+
1
3
[(δ2 + δ3)L+ (δ2 + δ3 + 2)M ]E2
E1 ∗ρ E2 = [S] + 1
3
[(−2δ1 + δ3 − 1)L+ (−2δ1 + δ3)M ]E1
+
1
3
[(−2δ2 + δ3)L+ (−2δ2 + δ3 − 1)M ]E2
E2 ∗ρ E2 = −2[S] + 1
3
[(δ1 + δ3 + 2)L+ (δ1 + δ3)M ]E1
+
1
3
[(4δ2 + δ3 + 3)L+ (4δ2 + δ3 + 2)M ]E2.
On the other hand, the Chen-Ruan ohomology ring H∗CR([Y ]) has the expression (Th. 3.12, see
also Ex. 3.15)
e1 ∪CR e1 = 1
3
Le2
e1 ∪CR e2 = 1
3
[S]
e2 ∪CR e2 = 1
3
Me1.
We look for a linear map
H∗ρ (Z)(q1, q2) → H∗CR([Y ]) (40)
E1 7→ ae1 + be2
E2 7→ ce1 + de2
and (q1, q2) suh that (40) is a ring isomorphism.
First of all we notie that the previous expressions for the quantum orreted up produt ∗ρ and
for the orbifold up produt ∪CR are symmetri if we exhange E1 with E2, L with M and e1 with
e2. So we impose the onditions b = c and a = d. In order that (40) is a ring isomorphism, a, b, q1
and q2 have to satisfy the equations
2
3
ab[S] +
1
3
b2Me1 +
1
3
a2Le2 = −2[S] + 1
3
[(4δ1 + δ3 + 2)L+ (4δ1 + δ3 + 3)M ] (ae1 + be2)
+
1
3
[(δ2 + δ3)L+ (δ2 + δ3 + 2)M ] (be1 + ae2),
a2 + b2
3
[S] +
ab
3
Me1 +
ab
3
Le2 = [S] +
1
3
[(−2δ1 + δ3 − 1)L+ (−2δ1 + δ3)M ] (ae1 + be2)
+
1
3
[(−2δ2 + δ3)L+ (−2δ2 + δ3 − 1)M ] (be1 + ae2).
Now, identifying the oeients of e1 and e2, we get the following system of equations:
2
3
ab = −2
a2 + b2
3
= 1
a(4δ1 + δ3 + 2)L+ a(4δ1 + δ3 + 3)M + b(δ2 + δ3)L+ b(δ2 + δ3 + 2)M = b
2M
b(4δ1 + δ3 + 2)L+ b(4δ1 + δ3 + 3)M + a(δ2 + δ3)L+ a(δ2 + δ3 + 2)M = a
2L
a(−2δ1 + δ3 − 1)L+ a(−2δ1 + δ3)M + b(−2δ2 + δ3)L+ b(−2δ2 + δ3 − 1)M = abM
b(−2δ1 + δ3 − 1)L+ b(−2δ1 + δ3)M + a(−2δ2 + δ3)L+ a(−2δ2 + δ3 − 1)M = abL.
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In speial ases there ould be relations between L and M so that the previous system an be
simplied, but in general they are independent. The resulting system an be solved and the solutions
are
(a, b, q1, q2) = (
√
3exp(
7
6
πi),
√
3exp(
11
6
πi), exp(
2
3
πi), exp(
2
3
πi)) and
(
√
3exp(
5
6
πi),
√
3exp(
1
6
πi), exp(
4
3
πi), exp(
4
3
πi)).
So, we have proved the following.
Proposition 6.2. Under the hypothesis in the beginning of Setion 6.2, if q1 = q2 = exp(
2
3
πi) or
q1 = q2 = exp(
4
3
πi), then, the ring H∗(Z)(q1, q2) is isomorphi to the Chen-Ruan ohomology ring
H∗CR([Y ]). Moreover there is a unique isomorphism given by the following linear transformation
H∗ρ (Z)(q1, q2) → H∗CR([Y ]) (41)
E1 7→ ae1 + be2
E2 7→ be1 + ae2
where (a, b) is equal to (
√
3exp( 7
6
πi),
√
3exp( 11
6
πi)) in the rst ase and to (
√
3exp( 5
6
πi),
√
3exp( 1
6
πi))
in the seond one.
7 On the Conjeture 5.1
In this setion we prove Conj. 5.1 in some ases. As we saw in Rem. 5.2, the fat that it holds in
the following ases will be used to prove it in general. First we give some general results whih allow
us to simplify the omputation.
Lemma 7.1. Under the same hypothesis of Conj. 5.1, there is a morphism
φ : M¯0,0(Z,Γ)→ S
suh that, for any point p ∈ S, the ber φ−1(p) is isomorphi to M¯0,0(R˜,Γ) (see Not. 2.3). Moreover,
there is a overing U → S in the omplex topology and a Cartesian diagram
U × M¯0,0(R˜,Γ) −−−−−→ M¯0,0(Z,Γ)
pr1
??y ??yφ
U −−−−−→ S.
(42)
If Γ = βµν for µ ≤ ν, then φ is an isomorphism.
Proof. Step 1. We rst prove that for any sheme B of nite type over C and any objet
C
f−−−−−→ Z
p
??y
B
in M¯0,0(Z,Γ)(B), there is a morphism g : C → E suh that f = j ◦ g, where j : E → Z is the
inlusion map.
Let OZ(E) be the line bundle over Z assoiated to the divisor E, and let s be the setion of
OZ(E) dened by E, that is, s = {si} where si are loal equations for the Cartier divisor E. Then
f fators through E if and only if f∗s vanishes as setion of f∗OZ(E). We show that p∗f∗OZ(E) is
the zero sheaf.
First of all we assume that B = Spe(C). Then
ρ∗f∗([C]) = 0,
where ρ∗ and f∗ are the morphisms of Chow groups indued by ρ and f respetively and [C] is the
fundamental lass of C. It follows that the image of ρ ◦ f is a point y ∈ S, so that f(C) ⊂ E. Sine
C is redued, f fators through E [23℄. Notie that f(C) is ontained in a ber of π : E → S.
Assume now that B is a sheme of nite type over C and f : C → Z is a stable map over B.
Given a point b ∈ B, let X be the sub-variety of B whose generi point is b, namely X = {b}. For
any losed point x ∈ X we have that H0(Cx, f∗OZ(E)|Cx) = 0 beause f|Cx fators through a ber
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of E over S. By Cohomology and Base Change it follows that (p∗f
∗OZ(E))x ⊗ k(x) = 0. Sine
p∗f
∗OZ(E) is oherent, it is zero on a neighborhood of x, so it is zero on b.
Step 2. Let ϕ := π ◦ g : C → S. We prove that there exists a morphism φ : B → S suh that
ϕ = φ ◦ p.
First of all we dene a ontinuous map φ : B → S suh that ϕ = φ ◦ p. From Step 1 we have
that, if b ∈ B is a losed point, we an dene φ(b) by
φ(b) := π(f(Cb)).
Now, let b ∈ B be any point, and let X be the sub-variety whose generi point is b. Then we dene
φ(b) to be the generi point of the losure of φ(X) in S. The ondition ϕ = φ ◦ p implies that φ is
ontinuous. In order to give a morphism φ : B → S it remains to nd a morphism of sheaves
φ♯ : OS → φ∗OB.
For this, we take the omposition of ϕ♯ : OS → ϕ∗OC with the anonial isomorphism ϕ∗OC →
φ∗OB . Notie that, sine p : C → B is a at family of genus zero urves, the anonial morphism
OB → p∗OC is an isomorphism.
The existene of an open overing U → S suh that (42) is Cartesian follows from the loal
struture of Z.
Finally the last statement follows from the fat that if Γ = β1 + ...+ βn, then we have an inverse
of φ. It is given by sending any morphism B → S to the stable map
B ×S E j◦pr2−−−−−→ Z
pr1
??y
B
Remark 7.2. Notie that, if
C
f−−−−−→ Z
p
??y
B
is an element in M¯0,0(Z, βµ + ... + βν)(B), then for any C-valued point b ∈ B, the morphism
fb : Cb → Z is an embedding. Then there is a neighborhood U ⊂ B of b suh that the restrition
fU : CU → Z
is a family of embeddings parametrized by U ([42℄, Note 3 pag. 222). First order deformations of
Eb = fb(Cb) in Z are parametrized by
H0(Eb, NEb/Z)
∼= H0(Eb, π∗b (TS,b)⊕NEb/R˜) = TS,b.
This identies the tangent spae of M¯0,0(Z, βµ + ...+ βν) at b with TS,φ(b).
Remark 7.3. We write expliitly the morphism on tangent spaes
Tφ,[C] : TM¯0,0(Z,Γ),[C] → TS,x, (43)
where [C] denotes the C-valued point
C
f−−−−−→ Z
p
??y
Spec(C)
in M¯0,0(Z,Γ), and x = ρ(f(C)) ∈ S.
For any C-module N , the tangent spae TM¯0,0(Z,Γ),[C](N) an be identied with the module
Ext1C([f
∗ΩZ → ΩC],OC ⊗C N), (44)
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whih parametrizes ommutative diagrams of the form
f∗ΩZ

=
// f∗ΩZ

0 // OC ⊗C N // B // ΩC // 0
[30℄. In a neighborhood of f(C), Z is isomorphi to U × R˜, where U ⊂ S is an open neighborhood
of x in S. Hene f = (fR˜, fS),
f∗ΩZ ∼= f∗R˜ΩR˜ ⊕ f∗SΩS,x
and the module (44) is isomorphi to
Ext1C([f
∗
R˜ΩR˜ → ΩC],OC ⊗C N)×Ext1C(ΩC,OC⊗CN) Ext
1
C([f
∗
SΩS,x → ΩC],OC ⊗C N). (45)
Sine f∗SΩS,x → ΩC is the zero morphism, we get a morphism
Ext1C([f
∗
SΩS,x → ΩC],OC ⊗C N)→ HomC(f∗SΩS,x,OC ⊗C N) ∼= TS,x ⊗ N. (46)
Then (43) is the omposition of the projetion of (45) on the seond fator with (46).
Lemma 7.4. Let γ1, γ2 or γ3 be elements of H
∗(Y ). Then
ΨZΓ (γ1, γ2, γ3) = 0
for any Γ = a1β1 + ...+ anβn.
Proof. By the Equivariane Axiom for Gromov-Witten invariants (see e.g. [13℄) we an assume that
γ3 = ρ
∗(δ3). The virtual dimension of M¯0,3(Z,Γ) is equal to the dimension of Z. Hene let γ1, γ2, γ3
be ohomology lasses suh that
deg(γ1) + deg(γ2) + deg(δ3) = dimZ.
We have the following ommutative diagram
M¯0,3(Z,Γ) ev3−−−−−→ Z × Z × Z
f3,2×f3,0
??y ??yid×id×ρ
M¯0,2(Z,Γ)× M¯0,0(Z,Γ) ev2×ϕ−−−−−→ Z × Z × Y
where ϕ = i ◦ φ. Then
ev∗3(γ1 ⊗ γ2 ⊗ ρ∗(δ3)) = (f3,2 × f3,0)∗(ev2 × ϕ)∗(γ1 ⊗ γ2 ⊗ δ3)
=
ˆ
f∗3,2ev
∗
2(γ1 ⊗ γ2)
˜ · ˆf∗3,0ϕ∗(δ3)˜
= f∗3,2
`
[ev∗2(γ1 ⊗ γ2)] ·
ˆ
f∗2,0ϕ
∗(δ3)
˜´
where we have used the fat f3,0 = f2,0 ◦ f3,2. On the other hand, the following equalities holdˆM¯0,3(Z,Γ)˜vir = f∗3,0 ˆM¯0,0(Z,Γ)˜vir
= f∗3,2f
∗
2,0
ˆM¯0,0(Z,Γ)˜vir
= f∗3,2
ˆM¯0,2(Z,Γ)˜vir .
Then
ΨZΓ (γ1, γ2, ρ
∗(δ3)) =
Z
f∗3,2[M¯0,2(Z,Γ)]
vir
f∗3,2
`
[ev∗2(γ1 ⊗ γ2)] ·
ˆ
f∗2,0ϕ
∗(δ3)
˜´
= (onstant) ·
Z
[M¯0,2(Z,Γ)]
vir
[ev∗2(γ1 ⊗ γ2)] ·
ˆ
f∗2,0ϕ
∗(δ3)
˜
whih is zero sine the virtual dimension of M0,2(Z,Γ) is the virtual dimension of M0,3(Z,Γ) minus
1.
It remains to ompute the invariants of the form
ΨZΓ (jl1∗π
∗
l1(α1), jl2∗π
∗
l2(α2), jl2∗π
∗
l2(α2)),
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where α1, α2, α3 ∈ H∗(S) satisfy the equation
deg α1 + deg α2 + deg α3 = dimS− 1.
With the next Lemma, we redue this omputation to an integral over the lass
φ∗[M0,0(Z,Γ)]vir ∈ AdimS−1(S)
Lemma 7.5. In the above situation the following equality holds,
ΨZΓ (jl1∗π
∗
l1(α1), jl2∗π
∗
l2(α2), jl2∗π
∗
l2(α2)) =
= (El1 · Γ)(El2 · Γ)(El3 · Γ)
Z
φ∗[M¯0,0(Z,Γ)]vir
(α1 · α2 · α3).
Proof. Consider the Cartesian diagram below whih denes E ×S E ×S E
E ×S E ×S E −−−−−→ E ×E × E??y ??y
S −−−−−→ S × S × S
where the arrow in the last line is the diagonal embedding.
From Lemma 7.1 the evaluation morphism ev3 : M¯0,3(Z,Γ) → Z × Z × Z fators through a
morphism ˜ev3 : M¯0,3(Z,Γ)→ E ×S E ×S E and the inlusion E ×S E ×S E → Z × Z × Z. Then
ΨZΓ (jl1∗π
∗
l1(α1), jl2∗π
∗
l2(α2), jl2∗π
∗
l2(α2)) =
=
Z
[M¯0,3(Z,Γ)]vir
˜ev3 (OE(El1)⊗OE(El2)⊗OE(El3)π∗(α1 · α2 · α3)) .
We now apply the divisor axiom getting
ΨZΓ (jl1∗π
∗
l1(α1), jl2∗π
∗
l2(α2), jl2∗π
∗
l2(α2)) =
(El1 · Γ)(El2 · Γ)(El3 · Γ)
Z
¯[M0,0(Z,Γ)]
vir
φ∗(α1 · α2 · α3) = (47)
(El1 · Γ)(El2 · Γ)(El3 · Γ)
Z
φ∗ ¯[M0,0(Z,Γ)]
vir
(α1 · α2 · α3). (48)
7.1 Proof of Conj. 5.1 in the A1-ase
This ase is a generalization of the omputation of the Gromov-Witten invariants done in [28℄. To
prove our result we use some ideas from that paper.
We use the same notation of Prop. 4.4. We will denote by
C f−−−−−→ Z
p
??y
M¯0,0(Z, aβ)
the universal stable map and by g : C → E the morphism suh that f = j ◦ g (Lem. 7.1).
Theorem 7.6. Conjeture 5.1 holds for Z being the repant resolution of a variety with transversal
A1-singularities.
We now prove some lemmas at the end of whih we will onlude that Th. 7.6 is true.
Lemma 7.7. The moduli stak M¯0,0(Z, aβ) is smooth of dimension dimS = 2a − 2. The virtual
fundamental lass is given by
[M¯0,0(Z, aβ)]vir = cr(h1(E•∨)) · [M¯0,0(Z, aβ)] (49)
where
h1(E•
∨
) ∼= R1p∗(g∗NE/Z) (50)
is a vetor bundle of rank r = 2a− 1.
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Proof. The smoothness of M¯0,0(Z, aβ) follows from the fat that the bers of φ are smooth (see
Lem. 7.1). Indeed they are all isomorphi to M¯0,0(P1, aβ). The dimension of M¯0,0(Z, aβ) is easily
omputed. Equation (49) follows from [4℄. It remains to prove equation (50).
We rst show that R1p∗(f
∗TZ) is a vetor bundle of rank 2a− 1, and
R1p∗(f
∗TZ) ∼= R1p∗(g∗NE/Z). (51)
Let u = [µ : D → Z] ∈ M¯0,0(Z, aβ)(SpecC) be a stable map. Consider the following exat sequene
of loally free sheaves on E
0→ µ∗TE → µ∗TZ |E → µ∗NE/Z → 0.
Sine H1(D, µ∗TE) = 0, we get
H1(D, µ∗TZ) ∼= H1(D, µ∗NE/Z)
whih has dimension 2a− 1. This shows that the dimension of H1(p−1(u), f∗TZ)|p−1(u)) is indepen-
dent from u, hene R1p∗(f
∗TZ) is loally free of rank 2a − 1. To prove (51) we apply R•p∗ to the
exat sequene
0→ TE → TZ |E → NE/Z → 0.
Lemma 7.8. We have the exat sequene
0→ φ∗(R1π∗NE/Z)→ R1p∗(g∗NE/Z)→ F → 0,
where F is a vetor bundle of rank 2a− 2 whose restrition on eah ber of φ−1(p) is now desribed.
Consider the ommutative diagram
Cφ−1(p)
g|−−−−−→ Ep
p|
??y ??yπp
φ−1(p)
φ|−−−−−→ {p}
where Cφ−1(p) is the restrition of C over φ−1(p), p| (resp.g|) is the restrition of p (resp. g) on
it, Ep = π
−1(p) and πp is the restrition of π. Then, under the identiation of Ep with P
1
, the
restrition of F to φ−1(p) is
R1p|∗
`
g|
∗(OP1(−1)⊕OP1(−1))
´
.
Proof. Sine E ∼= P(F ), we have the surjetive morphism: π∗(F∨) → OF (1). Its kernel is
(∧2π∗(F∨))⊗OF (−1). So we have the exat sequene
0→ (∧2π∗(F∨))⊗OF (−1)→ π∗(F∨)→ OF (1)→ 0,
whih tensorized with (π∗ ∧2 F ⊗G)⊗OF (−1) yields
0→ NE/Z → π∗(F ⊗G)⊗OF (−1)→ π∗(R1π∗NE/Z)→ 0, (52)
using Prop. 4.4.
The pull bak under g of (52) gives a short exat sequene of vetor bundles on C. Now, applying
the funtor R•p∗, we have the long exat sequene:
0 → p∗g∗NE/Z → p∗ (p∗φ∗(F ⊗G)⊗ g∗OF (−1))→ p∗p∗φ∗R1π∗NE/Z
→ R1p∗(g∗NE/Z)→ R1p∗ (p∗φ∗(F ⊗G)⊗ g∗OF (−1))
→ R1p∗(p∗φ∗R1π∗NE/Z)→ 0.
Notie that
p∗ (p
∗φ∗(F ⊗G)⊗ g∗OF (−1)) ∼= 0
by Cohomology and Base Change. Moreover, the projetion formula gives
p∗p
∗φ∗R1π∗NE/Z ∼= φ∗(R1π∗NE/Z)
R1p∗(p
∗φ∗R1π∗NE/Z) ∼= φ∗(R1π∗NE/Z)⊗R1p∗OC ∼= 0.
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So the thesis follows one dened
F := R1p∗ (p∗φ∗(F ⊗G)⊗ g∗OF (−1)) .
Theorem 7.6 is now a onsequene of the formulaZ
φ−1(p)
c2a−2
`
R1p|∗
`
g∗| (OP1(−1)⊕OP1(−1))
´´
=
1
a3
(see e.g. [13℄).
7.2 Proof of Conjeture 5.1 in the An-ase and Γ = βµν
Theorem 7.9. Conjeture 5.1 holds for Z the repant resolution of a variety with transversal An
singularities suh that the assoiated orbifold has trivial monodromy and Γ = βµν .
As in the previous ase we need some further results in order to prove the Theorem.
The moduli stak M¯0,0(Z, βµν ) is smooth and isomorphi to S through φ (Lem. 7.1). Hene we
identify M¯0,0(Z, βµν) with S, so the universal stable map will be
E
j−−−−−→ Z
π
??y
M¯0,0(Z, βµν).
The virtual dimension is dim(S)− 1 and the virtual fundamental lass is given by
[M¯0,0(Z, βij)]vir = c1(h1(E•∨)) · [M¯0,0(Z, βij)]
where E• is the omplex [4℄
E• = R•π∗([j
∗ΩZ → Ωπ]⊗ ωπ).
Without loss of generality we assume that µ = 1 and ν = n.
Lemma 7.10.
h1(E•
∨
) ∼= R1π∗NE/Z.
Proof. The omplex of sheaves
j∗ΩZ → Ωπ (53)
is isomorphi, in the derived ategory D(OE), to a loally free sheaf G in degree −1. Indeed, the
morphism j∗ΩZ → Ωπ is surjetive and, if G denotes its kernel, we have the exat sequene
0→ G→ j∗ΩZ → Ωπ → 0.
Sine Ωπ is of projetive dimension one, it follows that G is loally free. So,
h1(E•
∨
) ∼= R1π∗(G∨).
We have the exat sequene
0→ j∗OZ(−E)→ G→ π∗ΩS → 0. (54)
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This follows from a diagram hasing in the next diagram,
0

π∗ΩS

0 // j∗OZ(−E) // j∗ΩZ
=

// ΩE

// 0
0 // G // j∗ΩZ // Ωπ

// 0
0
Then, taking the dual of (54) and applying the funtor R•π∗ we get the isomorphism
R1π∗(G
∨) ∼= R1π∗NE/Z ,
whih ompletes the proof.
7.3 Proof of Conj. 5.1 for n ≥ 2 and Γ general
We use the fat that Gromov-Witten invariants are invariant under deformation of the omplex
struture of Z, so we will add the assumption that some rst order deformations of Z are not
obstruted.
Notation 7.11. For any variety X, we will denote by TX the sheaf of C-derivations, i.e.,
TX = HomOX (Ω1X ,OX),
where Ω1X is the sheaf of dierentials of X.
Assume that H2(Z, TZ) = 0, then we have the following exat sequene of ohomology groups
0→ H1(Y, TY )→ H1(Z, TZ)→ H0(Y,R1ρ∗TZ)→ 0. (55)
This is the Leray spetral sequene assoiated to the morphism ρ.
Remark 7.12. H1(Y, TY ) is in 1−1 orrespondene with the set of equivalene lasses of rst order
deformations of Y whih are loally trivial. On the other hand H1(Z, TZ) is in 1− 1 orrespondene
with the set of equivalene lasses of rst order deformations of Z modulo isomorphisms. Therefore
the sequene (55) has the following meaning in deformation theory: to any rst order loally trivial
deformation of Y we an assoiate a rst order deformation of Z, the remaining deformations of Z
ome from H0(Y,R1ρ∗TZ). We are interested in understanding the last deformations.
Lemma 7.13. Let
obµν : R
1ρ∗TZ → i∗(R1(πµν)∗NEµν/Z) (56)
be the omposition of R1ρ∗TZ → i∗(R1π∗(j∗(TZ))) with i∗(R1π∗(j∗(TZ))) → i∗(R1(πµν)∗NEµν/Z).
Then obµν is surjetive and, if Dµν denotes its kernel, we have the following exat sequene
0→ Dµν → R1ρ∗TZ obµν−−−→ i∗(R1(πµν)∗NEµν/Z)→ 0. (57)
Proof. Over an open set W ⊂ Y isomorphi to Ck ×R, we have
H0(W,R1ρ∗TZ) ∼= H1(Ck × R˜, TCk×R˜) ∼= H0(Ck,OCk )⊗H1(R˜, TR˜).
This follows from Künneth formula and the fat that the surfae singularity is rational. On the other
hand, let C = C1 + ...+Cn be the exeptional divisor of R˜→ R and Cµν = Cµ + ...+ Cν , then
H0(W, i∗R
1(πµν)∗NEµν/Z)
∼= H0(Ck,OCk)⊗H1(Cµν , NCµν/R˜).
It is hene enough to show that
H1(R˜, TR˜)→ H1(Cµν , NCµν/R˜)
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is surjetive. This follows from the fat that the morphisms H1(R˜, TR˜) → H1(Cµν , TR˜ ⊗ OCµν )
and H1(Cµν , TR˜ ⊗ OCµν ) → H1(Cµν , NCµν/R˜) are surjetive. To prove surjetivity of the seond
morphism we onsider the exat sequene
0→ TCµν → TR˜ ⊗OCµν → NCµν/R˜ → Ext
1
OCµν
(ΩCµν ,OCµν )→ 0.
Let F denote the image of the morphism TR˜ ⊗OCµν → NCµν/R˜, then we get two exat sequenes
0→ TCµν → TR˜ ⊗OCµν → F → 0,
0→ F → NCµν/R˜ → Ext1OCµν (ΩCµν ,OCµν )→ 0.
From the long exat sequenes of ohomology groups we have that the morphisms H1(Cµν , TR˜ ⊗
OCµν )→ H1(Cµν ,F) andH1(Cµν ,F)→ H1(Cµν , NCµν/R˜) are surjetive. Sine Ext1OCµν (ΩCµν ,OCµν )
is a sheaf supported on the nodes of Cµν . This omplete the proof.
Remark 7.14. Notie that R1ρ∗TZ is loally free of rank n and is supported on S. Sine also
R1(πµν)∗NEµν/Z is loally free of rank 1 (Lem. 5.5), it follows that Dµν is loally free of rank n− 1
and it is supported on S.
Theorem 7.15. Let Z be the repant resolution of a variety with transversal An singularities suh
that the assoiated orbifold has trivial monodromy. Assume furthermore that H2(Z, TZ) = 0 and
that, for any µ, ν ∈ {1, ..., n} with µ ≤ ν, there exists a global setion of R1ρ∗TZ whih intersets
Dµν transversally (see Lemma 7.13). Then Conjeture 5.1 holds for Z.
Proof. We rst prove that
ΨZΓ (γ1, γ2, γ3) = 0 if Γ 6= aβµν . (58)
Let σ ∈ H0(Y,R1ρ∗TZ) be a setion and onsider a rst order deformation of Z assoiated to σ
(Rem. 7.12):
Z −−−−−→ Z1??y ??y
Spec(C) −−−−−→ Spec
“
C[ǫ]
(ǫ2)
”
.
(59)
There exists a nite deformation of Z whih at the rst order oinides with (59), we will denote
this deformation by
Z −−−−−→ Z??y ??y
{0} −−−−−→ ∆
(60)
where ∆ is a small dis in C around the origin 0 ∈ C (this is the Kodaira-Nirenberg-Spener Theorem
(1958) [25℄, see also [42℄ for a review).
We over a neighborhood of E in Z with open subsets V of the form
V ∼= U × R˜
where U ⊂ S is isomorphi to an open ball in Ck. Then (60) indues a deformation of V :
V −−−−−→ V??y ??y
{0} −−−−−→ ∆.
(61)
Let H be the semi-universal deformation spae of R˜ and let R˜ → H be the semi-universal family
[6℄ (see also [24℄ and [45℄). H is an n-dimensional omplex vetor spae and there is a natural
isomorphism
H1(R˜, TR˜)
∼= TH,0.
Then under the identiation
(R1ρ∗TZ)|U ∼= H0(U,OU )⊗H1(R˜, TR˜)
the restrition of σ to U orresponds to a funtion
σU : U → H1(R˜, TR˜) ∼= TH,0.
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Moreover (61) an be obtained as a pull-bak of the semi-universal family R˜ → H under a morphism
ΣU : U ×∆→ H
suh that
∂
∂t |t=0
ΣU = σU
where t denotes the variable in ∆.
A generi deformation of R˜ has no omplete urves. More preisely, the disriminant lous D ⊂ H
is dened as the set of points h ∈ H suh that the orresponding surfae R˜h has a omplete urve
(see [8℄ Prop. 2.2). It turns out that
D = ∪µ≤νDµν
where Dµν are hyper-planes through the origin (see [6℄, [8℄, [24℄, [45℄). Moreover a generi point of
Dµν orresponds to a deformation of R˜ with a omplete urve whose homology lass is [Cµ]+...+[Cν ]
(where C = C1 + ... + Cn is the exeptional divisor of ρ : R˜ → R). Thus the lous of points p ∈ U
where the urve π−1µν (p) deforms in V has odimension 1, and the lous of points where urves in the
bers of π of dierent homology lasses deforms has odimension greater than 1.
Sine the expeted dimension of M¯0,0(Z,Γ) is dim(S)− 1, (58) follows (see (47)).
Now we onsider the ase Γ = aβµν . From (47) it is enough to prove thatZ
[M¯0,0(Z,Γ)]vir
φ∗(α1 · α2 · α3) = 1
a3
Z
S
α1 · α2 · α3 ·R1π∗NE/Z. (62)
To get this result we onstrut a deformation of Z,
Z −−−−−→ Z??y ??y
{0} −−−−−→ ∆,
(63)
in the following way. We hoose a setion σ ∈ H0(Y,R1ρ∗TZ) whih intersets transversally Dµν .
Then (63) is given by σ in the same way as (60). The deformation invariane property impliesZ
[M¯0,0(Z,Γ)]vir
φ∗(α1 · α2 · α3) =
Z
[M¯0,0(Zt,Γ)]vir
φ∗(α1 · α2 · α3)
for any t ∈ ∆. We laim that for generi t ∈ ∆ the number of rational urves in Zt that pass through
three sub-varieties of lass α1El1 , α2El2 and α3El3 is
[{p ∈ S : obµν(σ) = 0}] ∩ (α1 ∪ α2 ∪ α3)
and moreover, eah of this urve is isomorphi to P1 with normal bundle O(−1)⊕O(−1)⊕O⊕dimS .
Then the result follows from the fat that the Poinaré dual of the homology lass [{p ∈ S : obµν(σ) =
0}] is c1(K) (Lem. 5.5) and from the Aspinwall-Morrison formula (see e.g. [13℄ Th. 7.4.4).
We rst show that for a generi t ∈ ∆ the lous in Zt of omplete urves of homology lass Γ is
homologous to
π−1µν ({p ∈ S : obµν(σ) = 0}) ⊂ Z. (64)
First notie that the set (64) is the lous of urves in Z of homology lass Γ whih deform in Z1 (the
rst order deformation of Z indued by (63)). Indeed ber-wise the morphism obµν is the morphism
H1(R˜, TR˜)→ H1(Cµν , NCµν/R˜)
whih assoiates to any rst order deformation of R˜ the obstrution to extendCµν in suh deformation
[42℄. Then, we notie that, if a urve π−1µν (p) deforms in Z at the rst order, then it deforms in Z for
generi t ∈ ∆. To see this, let U ⊂ S open neighborhood of p ∈ S isomorphi to a ball in Ck with
oordinates (x1, ..., xk). The deformation Z indues a deformation V as (60). As before V is given
by a holomorphi map
ΣU : U ×∆→ H
suh that
∂
∂t |t=0
ΣU = σU .
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Our hypothesis imply that
ΣU (x, 0) = 0 for all x ∈ U,
∂
∂t |(p,t=0)
ΣU ∈ Dµν ,
∂
∂xl
∂
∂t |(p,t=0)
ΣU 6∈ Dµν for some l.
Using the rst ondition we have ΣU (x, t) = tΣ˜U (x, t) for some funtion Σ˜U : U ×∆→ H . Then the
laim follows from the impliit funtion theorem applied to Σ˜U (x, t). To ompute the normal bundle
of these rational urves, notie that loally Zt is isomorphi to the produt of Ck−1 (k = dimS) with
the semi-universal deformation of the resolution of the A1-singularity.
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